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Editorial: New horizons-four years later
Bharath Sriraman, Editor
The University of Montana
Vol.4, no .2 signals the conclusion of this volume and four years of the journal’s existence.
Although we are still in our infancy in comparison to other journals in the field of mathematics
education, there is no doubt that we have carved a niche in a highly competitive business where
scholars and readers have numerous choices when it comes to supporting journals. The journals
niche is the fact that it attracts scholars/contributors from a variety of domains such as
mathematics, critical theory, philosophy, educational psychology, educational philosophy, social
justice, teacher education and the history and philosophy of mathematics and science, in addition
to practitioners at all levels. The articles that have appeared in the four volumes and the
monograph are indicative of this niche. Journals survive or perish depending on the flow of
manuscripts. In this respect we have been very lucky with a steady stream of high quality
submissions as well as conscientious reviewers. We also continue to receive invitations for
indexing, which speaks for the standing of the journal.
Over the last 16 months, we received 86 manuscripts from 26 different countries. The acceptance
rate is currently 22-25%. In cases of rejection, we have supported the authors with extensive
suggestions for improvement and other avenues for publication. In some cases, we reject
manuscripts because the mathematics is too sophisticated and may not be accessible to the
average reader. We are not a journal that publishes pure mathematics articles that require
research level knowledge within a specific sub-domain of mathematics. Articles that involve
mathematics are determined on the basis of whether or not they would appeal to advanced
undergraduate/beginning graduate students of mathematics, practicing teachers and those that
enjoy mathematics recreationally. In cases, when it is difficult to find reviewers for a particular
manuscript, we ask the authors to provide a list of three possible reviewers. I am moving
towards a review process which is open and constructive and beneficial to all parties concerned.
One of the consequences of the increased flow of manuscripts is the “bottleneck” effect, i.e.,
reviewed and accepted manuscripts having to wait inline for publication. This problem can be
circumvented by increasing the frequency of issues to 3/year. Having said that, starting from
vol.5 we will be publishing 3 issues/year [February, June and October]. Among the issues in the
pipeline (vol.5,no.3) is focused on statistics education for which manuscripts are still being
submitted. Readers are encouraged to submit papers on this topic. We still are consistent with
our goal of keeping the transit time from submission to publication to approximately 8 months.

The Montana Mathematics Enthusiast, ISSN 1551-3440, Vol. 4, no.2, pp. 138-139
2007©The Montana Council of Teachers of Mathematics

TMME, vol4, no.2, p.139

The readership base of the journal is now approximately 4200 from 94 countries based on
statistically sieving uniqueness of IP addresses and average repeated visits. The geographic
distribution of readers is as follows: 35%- North America; 18%- Western and Central Europe;
12%-Scandinavia; 12% -Asia; 8% -Middle East; 8%- Australia and NZ; 4%- Africa; 3% -South
America. Needless to say we are thriving! The journal recently received another offer from a
reputed publishing house for conversion into a print journal in addition to the electronic version.
However accepting the conditions would have meant restricting access to paying subscribers,
and putting an embargo on when the articles become available online through indexes. This goes
against our philosophy of free and open access. So the offer was turned down.
The first monograph of the journal on social justice issues released in January this year was very
well received. A telegraphic review appeared in the Journal for Research in Mathematics
Education in May 2007, and full length reviews are forthcoming in Mathematical Thinking and
Learning, as well as ZDM- The International Journal on Mathematics Education. I thank the
reviewers for their gesture of writing these reviews. A limited number of print copies are still
available for sale for the cost price ($20). We are hoping to use the proceeds to sustain print
monographs on special topics or themes on an on-going basis and are open to suggestions on
possible future looking topics.
This journal issue contains articles from well-known scholars as well as new doctoral recipients
and those currently working on their doctorates. Again the sheer range of topics covered in this
issue represents the true face of the journal. The articles in this issue will appeal to a wide
audience: teachers of mathematics, university mathematics educators, philosophers, cognitive
psychologists and naturally math enthusiasts.
The journal is happy to extend its support to Sense Publishers in the Netherlands, which
publishes affordable and high quality books of interest to the mathematics and science education
community as well as to the larger field of education. A new feature of the journal is to inform
readers of new and noteworthy books published by Sense and sources for reviews of these books.
Finally, I hope you enjoy this issue and I thank you for your continued support.
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Mars Exploration Rover
Mathematics and People behind the Mission
Uffe Thomas Jankvist & Bjørn Toldbod
Roskilde University∗

Abstract
This paper is a selective study of the mathematics and people involved with a specific space mission,
namely the Mars Exploration Rover (MER) mission launched in 2003. The specific mathematics of
the MER mission are sought uncovered through interviews with applied scientists who worked with
different aspects of the mission at the Jet Propulsion Laboratory (JPL). Some of the more specific
questions attempted answered through this article for instance concerns if the aerospace industry,
exemplified by the MER mission, calls for new developments in mathematics or if it mostly relies
on well established theories; how much independence the scientists have in their daily work and in
their choosing of solutions to problems and whether or not this variate within different areas of the
mission; how ready the aerospace industry is for new solutions and new ideas; and to what extent the
economics of the missions play a part in this.
Keywords: Mars Exploration Rover (MER) mission, Jet Propulsion Laboratory (JPL), aerospace
industry, applied mathematics, applied scientists.1
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1 The image on this page is the first picture of the Gusev Crater made public to the press. The picture,
which is a mosaic, is taken with the navigation camera onboard the Mars Exploration Rover Spirit. http:
//nssdc.gsfc.nasa.gov/planetary/mars/mars_exploration_rovers/mera_images.html
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Consider the recent flight to Mars that put a ‘laboratory vehicle’ on that planet.
Whether or not that excites you, you must admit that it is an almost unbelievable
technological accomplishment. Now, from start to finish, the Mars shot would have
been impossible without a tremendous underlay of mathematics built into chips
and software. It would defy the most knowledgeable historian of mathematics to
discover and describe all the mathematics that was involved. The public is hardly
aware of this; it is not written up in the newspapers. (Davis; 2004)
The adventures of the Mars Exploration Rover Mission truly began on January 4, 2004, when
the MER A rover named Spirit entered the Martian atmosphere and performed a perfect
landing in the Gusev Crater. Later that month, on January 15, the second rover (MER B)
known as Opportunity landed in the Terra Meridiani. But before these points of time the
mission had, of course, been under preparation for years. The place of preparation was the
Jet Propulsion Laboratory (JPL) in Pasadena, California.

Introduction
In March 2005 we spent a week at NASA’s Jet Propulsion Laboratory as part of our joint
master thesis2 at the mathematics department of Roskilde University. The purpose of our stay
was to conduct a small investigation of the work related to the Mars Exploration Rover (MER)
Mission being performed at JPL and in particular the work relying on the use of mathematics.
The basic idea of this investigation was provided to us by Professor Emeritus Philip J.
Davis who in the fall of 2004 implicitly had suggested this in an article from which the
introductory quote of this paper is taken (Davis; 2004). Even though we were not “the most
knowledgeable historians of mathematics” we still decided to go ahead with an investigation
of what mathematics was involved in the MER mission. Unfortunately newspapers were not

Figure 1 Visiting Brown University. Left: Professor Emeritus Philip J. Davis. Right: The Brown
University’s Division of Applied Mathematics.
2

The thesis consists of the texts (Jankvist & Toldbod; 2005a), (Jankvist & Toldbod; 2005b) and (Jankvist
& Toldbod; 2005c) and can be found in its original Danish version as IMFUFA-text number 449 at http:
//mmf.ruc.dk/imfufatekster/index.htm
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the only place in which this wasn’t written up. In fact finding extensive literature on the
subject was so difficult that we decided to base the investigation on interviews. Hence the
long travel from Roskilde, Denmark to Pasadena, California.
While in the U.S. we decided to take a detour to visit Davis at Brown University in
Providence, Rhode Island in order to discuss our pending investigation at JPL. Davis advised
us to “be a little bit like journalists rather than teachers of abstracts mathematics” in order to
make a more interesting story – perhaps even a story of general interest (Davis; 2005). Davis
also gave us the following advice:
I think you want to go also for what you might call the human side of the story.
When you interview these people try to get something about their background,
what were their experiences before they came to the JPL, what their training
is [...] how old they are and how they see their professional future [...] Try to
find out what each one does, how much independence they have, how much
opportunity is there for them to develop new ideas or new things whether it’s in
mathematics or whether it’s in writing algorithms, software and that kind of thing.
[...] are they using packages or are they developing their own stuff, how is this
going to fit in to future projects that NASA has? [...] I think you want to make a
story here of what it means to work in a space program as a mathematician or a
computer scientist or whatever these people are. (Davis; 2005)
To a large extent we have tried to follow the advice of Professor Davis. While at the JPL we
tried to get an insight into the employees’ personal motivations for working in the aerospace
industry as well as an insight into the nature of the mathematical work performed at JPL. Also
we looked at what one might call external influences on the daily work, such as deadlines and
basic economical limitations. This might also be called the basic work context.
In our investigation we have tried to combine the human/daily work approach with a
selective study of some of the mathematical problems that arise in a space mission like MER.

Figure 2 Jet Propulsion Laboratory in Pasadena, Californien. Left: JPL seen from above.
http://ipac.jpl.nasa.gov/media_images/jpl_small.jpg Right: One of JPL’s main buildings.
http://www2.jpl.nasa.gov/files//images/browse/jpl18161ac.gif
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As is concluded in the article3 most of the mathematical problems that arise in a space mission
are well known and well described problems (at least from a mathematical point of view).
Therefore detailed analysis of the problems will be omitted in the article.
Rather we will use the mathematical problems to illustrate some of our observations
regarding how the basic work context of the institution influence the typical approaches taken
to solving such mathematical problems.
Both the human approach to JPL and the selective study are sought uncovered by letting
the JPL scientist speak for themselves to some extent, i.e. by frequently quoting from our
interviews4 . Before getting to this, however, a small presentation of the Jet Propulsion
Laboratory is in order.
The research institution ‘the Jet Propulsion Laboratory’ is located an out-of-the-way place
on the way up in the mountains, surrounded by forrest a little north of the Los Angeles suburb
of Pasadena. After about half an hour of driving from downtown Pasadena you reach the
area’s entrance where you are met every day by uniformed guards. As an outsider you get the
firsthand impression that this might be an entrance to a ‘secret world of science’. On our first
day we were met in the reception by a lady named ‘Bobby’ who informed us about the safety
procedures of the place and then telephoned Dr. William Folkner to announce our arrival.
Folkner showed up a few minutes later and took us around the areas of JPL. During our stay
we met around a dozen of JPL employees, researchers and scientists, people whom we shall
introduce in the following section of this article.

People of JPL
As the main focus of our master thesis was coding theory (which includes both image
compression and error correcting codes), we interviewed Dr. Aaron Kiely and Dr. Matthew
Klimesh who were deeply involved in the making of ICER – the algorithm used by the rovers
for compressing images taken on the surface of Mars, as well as Dr. Jon Hamkins, who told
us about the use of error correcting codes for reliable transmission in deep space. We also
were fortunate to interview Dr. Mark Maimone who worked with the steering mechanisms of
the rovers. Finally we had the pleasure of interviewing Dr. Jacob Matijevic, a mathematicians
who had been a long time with JPL and Dr. Miguel San Martin (engineer) with whom we
discussed various aspects of the mission.
Dr. William Folkner was the person at JPL with whom we had the most contact and
therefore also the person we had most opportunities to interview. We talked to Folkner about
the general conditions for working with a space mission and the typical problems that needs
solving, as for instance orbit calculations for the spacecrafts. Besides that we also had the
opportunity to ask him about his carrier and his view of the people working at JPL. Folkner
told us that he himself had taken a Ph.D. in physics from the University of Maryland. After
completing his Ph.D. he decided to apply for a job at the JPL to become part of the planetary
3

A slightly different version of this article in Danish has also appeared in the Nordic mathematical journal
Normat (Toldbod & Jankvist; 2006). The hidden mathematics of the Mars Exploration Rover mission and
anticipated consequences of the mathematics being hidden are described in an article in The Mathematical
Intelligencer (Jankvist & Toldbod; 2007).
4 Transcriptions of these interviews in their full length along side with the Davis conversation can be found in
(Jankvist & Toldbod; 2005c).
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exploration. This was in 1988. We asked him if he thought his way to becoming an employee
at JPL and his following carrier at the institution was a typical one.
Most of the people I know have been here a long time or tend to be here a long
time. There aren’t many people who come here who just want to be here a year
or two and then go away again. People who want to do space work tend to want
to do space work. I think this is the best place in the world to do space work.
The people here are all very, very good. They are all very dedicated and they
want to make these things fly. (Folkner; 2005)
According to Folkner the strongest motivation for the majority of JPL’s employees is the
fascination of the missions themselves – a matter we got confirmed several times during
our stay. Mark Maimone told us that he wished to stay at JPL as long as possible. He was
educated in engineering and had completed a Ph.D. in Pittsburgh, Pennsylvania followed by
a post doc in space robotics before receiving a position at JPL in 1998. He explained the
following about his motives for wanting to work at JPL:
When I was a kid I saw the Viking missions on Mars and I thought that would be
pretty neat, hunched over the terminal looking at these pictures that nobody else
would see for a year before it got published. But of course now every picture we
take gets published on the Internet the next day so it’s not much of an advantage
but it’s still nice. (Maimone; 2005)
We also discussed the personal motives for wanting to work at JPL with Dr. Aaron Kiely
and Dr. Matthew Klimesh. Both of them had studied in Michigan and held Ph.D. degrees.
They had come to JPL shortly after completing their studies and both of them wished to stay
as long as possible (Kiely; 2005) (Klimesh; 2005).
From what we learned through the interviews a general characterization of JPLs scientists
would be people with the highest educational level who join the institution shortly after
completing their university studies. They are driven by a desire to be part of the aerospace
industry and a passion for planetary exploration. To some extent they were of course
also fascinated by the mathematical, physical and engineering problems involved in space
exploration, but as a motivating factor this seemed only secondary.

Figure 3 Guided tour at JPL. Left: Uffe and Dr. Albert Haldemann who showed us some of the
facilities. Right: Visiting JPL’s museum for earlier space missions with Dr. William Folkner.
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Work at JPL
One of the first persons we discussed the mathematical aspects of the work at JPL with was
Jacob Matijevic. Particularly we discussed the modelling aspects of the work which takes
place before the actual mission is set in motion.
A mission like MER is to a large extent about being able to predict how the technology
onboard the craft is going to behave in space or in the Martian environment. Once the craft
is flying it is impossible to make adjustments which demand more than just a radio signal.
Therefore everything must function as expected.
Take, for instance, the Mars environment’s influence on the instruments onboard Spirit and
Opportunity. You have to have a very precise knowledge about how heat and cold distributes
inside the rover and how this affects the instruments. To acquire such a knowledge virtual
models of the rovers are build in software so that the thermic conditions can be simulated.
Such thermic models are typically based on a number of differential equations which are
solved within the programs. The work for the JPL employee consist of building the virtual
model of the rover. The exact method of solution which the program implements is to some
degree subordinate to the JPL scientist as long as it works and isn’t too slow.
According to Matijevic (Matijevic; 2005) you also need to have models of how the
environment depends of the seasons on Mars to be able to predict the concrete influence on
the instruments in the above mentioned models. Such models are partly based on data from
the different Mars orbiters and partly on concrete measurements performed on the Martian
surface. The correctness of the surface measurements to a large extent depends on how good
the description of the instrument’s behaviour in the Martian environment is, and can therefore
not be guaranteed. By comparing the data from the orbiters with the surface measurements
in question a more accurate picture may arise though and this may then be used to modify
the models, so that these slowly become better and better. All of this is done in software.
Regarding the models of how the seasons affects the Mars environment it is probably fair to
compare the work at JPL with the work performed by an institute of meteorology. Matijevic
told the following about this work:
When I first arrived here over twenty years ago there were still efforts to handimplement certain mathematical models for certain applications. And there were
specialist applications here for specialists in the applied mathematical sciences
who worked here to make those applications possible. But over time much of that
has been incorporated in fairly standard and available simulation and modelling
packages – computer packages. Expansions have been introduced slowly over
time to these packages and that’s basically how the engineers here do their job.
Instead of going back to first principles they apply these tools... the foundation
theories are from the eighteenth century to a large degree. (Matijevic; 2005)
Hence a lot of work involving modelling and simulation is done at JPL, but all of this is
done in software packages. This might lead one to suspect that JPL has its own staff of
mathematicians developing such packages, but Matijevic informed us that the packages mostly
come from commercial companies.
A few days after our interview with Matijevic we had the opportunity to interview Dr.
Miguel San Martin. He told, with great enthusiasm, about the challenges which the scientists
must overcome to make the rovers able to figure out their orientation on the Martian surface.
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San Martin explained that the navigation on the surface is based on a well known technique
which sailors have used for thousands of years on Earth – you look at the Sun. Together
with a vector of gravitation, which can be measured by the rover, the position of the Sun on
the sky all in all provides the information necessary to figure out the rover’s position on the
surface. San Martin himself didn’t think of this problem as being very mathematical. In fact
he claimed that the majority of the mathematics involved in his work was very simple of
nature and he concluded:
The most important is that you have millions of these little, simple things. And
that’s the trick; to make them all work, and talk to each other and make sure that
no parameter is tightened too much or too little. The complexity of the space
problem is keeping it simple. (San Martin & Folkner; 2005)
Folkner, who was also present during the interview, elaborated on this view:
Well, you hit a lot of mathematics in your descriptions, right, because you need
to know the positions of the axes of Mars around the Sun as a function of time
and you need to know what the orbits around the Sun and the Earth were. There
is a lot of mathematics hidden in what you just said. [...] We’ve worked all that
out for us in the tables. So to know where the Sun is now, you just look it up.
Somebody had to figure it out the first time. (San Martin & Folkner; 2005)
Folker’s answer illustrates why the question of what mathematics is used in MER is difficult to
answer. Knowledge that mathematics previously have made accessible can over time become
such an integrated part of our conception of the world that we no longer connects it with
mathematics. The trajectory of Mars around the Sun as a function of time is a good example
of this: Not many will consider looking in a table to see the Sun’s position relative to Mars
at a given time as being mathematics. The making of such a table on the other hand is a
mathematical problem. Thus, the mathematics is very much a part of the scientific work at
JPL, but is to a large extent disguised as ‘common knowledge’ and may therefore in a sense
be hidden to the scientist.

Figure 4 The guided tour takes us by JPL’s “sandbox” where rovers are test driven. Left: Bjørn
Toldbod in front of the sandbox. Right: A replicate of a Mars Exploration Rover used for test drives
at JPL.
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The Demand for Reliability
A project like MER sometimes involves around a thousand people at a time. Such a grand
scale project of course calls for a huge amount of planning and bringing up to date between
different departments and working groups. Besides this an incredibly high reliability of the
work performed is demanded. A single mistake in a piece of technology or an algorithm may
have serious consequences and in the worst case may result in several years of wasted work
for hundreds of people. All of the work being done at JPL is therefore subject to careful
development and testing.
The extent to which such planing and testing is done can be hard to imagine. We asked
Jacob Matijevic about the development of the parachutes for the rovers, partly because we
thought there would be little interaction between the parachutes and other technological devices.
In other words, we thought this would be a ‘simple’ task. Matijevic, however, explained the
following about the work with the rovers parachutes:
We did drop tests. We did wind tunnel tests with the parachutes. But even before
this time it was through models of the profiles of these devices that we came
up with things like what the entry angles would be, what sorts of release points
should we be looking at, as well as designing the algorithm that checks for height
above the surface and finding out at which time to deploy the parachute and at
which time to fire the rockets for slowing the descent. All of this was based on
what we expected to be the environmental profile that the vehicle would see as it
came down to the surface. So this was all done in simulation. (Matijevic; 2005)
Reliability is paramount for any mission. If the choice stands between two different
approaches to a problem, a space scientist will be most inclined to choose a well known,
well tested solution instead of a new and perhaps more efficient solution which has not been
thoroughly tested at the planning of the mission.
An area of mathematics in which a lot of new solutions to a problem is being developed
all the time is channel coding. The problem here is reliable communication, and the solutions
are new error correcting codes. In the last 10-15 years a lot of progress has been made in this

Figure 5 Left: Wind tunnel test of the MER landing module parachute. http://www.nasa.
gov/centers/ames/images/content/79641main_picture_2.jpg Right: MER landing module
airbags. http://photojournal.jpl.nasa.gov/jpegMod/PIA04999_modest.jpg
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field with the introduction of turbo codes which offer a considerable improvement over earlier
codes (Berrou et al.; 1993). The demand for reliability, however, has kept the turbo codes out
of the space missions, and the codes have only recently been introduced to the missions. Our
interview with Dr. Jon Hamkins, one of JPL’s leading coding theoreticians, confirmed this for
the error correcting codes used in MER:
The process of flight qualification is very long actually. ... and you know missions
that are signing up for a very complicated space craft... they are out to minimize
risks so they want stuff that has been flown in previous missions, they don’t want
something new. It’s kind of contrary to the spirit of exploration. They don’t want
risks even though we are confident that it works... it is a risk to a mission if it
hasn’t flown before. (Hamkins; 2005)
Mathematics and technology which has been onboard an earlier mission is considered to
be safer and therefore makes a more attractive choice. This approach is taken in all aspects of
the missions. Of course some development is taking place from mission to mission but only
at a pace that makes extensive testing possible. Jacob Matijevic called this “steady progress”
(Matijevic; 2005). New ideas which are introduced into the missions will be at least 5-10 years
old at launch time, because they must be laid down already when the missions are planned.
In the case of channel coding a lot of the mathematics involved has to be implemented in
hardware for speed. Generally hardware is much more expensive to replace than software, so
the gain of introducing a new error correcting code has to be considerate in order to balance
the expense of the substitution.

Deadlines
The scale of the project also means that the work performed by different departments must be
completed at specific deadlines. Not surprisingly deadlines may serve as a stop block for the
development of new ideas, since it may be difficult to keep a deadline when working with
tasks whose solutions are not always well known. It is inconceivable to take on a working

Figure 6 Guided tour at JPL. Left: A JPL photo of a MER rover testing prior to launch. Right: One
of JPL’s laboratories.
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task if you are not sure that there will be enough time to conduct the necessary testing of the
work performed. Folkner explained how the constant deadlines affects the composition of JPL
employees:
There are five thousand people here. How many post docs are there? I don’t
know, maybe a hundred and fifty – something like that. We don’t have a lot
of graduate students and part of that is because almost everything we do here
has to be done on a particular time scale. Very little of our budget is spent
doing research where if we get the answer next year or the year after that, it
doesn’t matter. Everything has to be done on a schedule. So it is not a good
training environment for graduate students. Graduate students here are not used
much, because the people who could supervise them are busy doing other things.
(Folkner; 2005)

Small versus big missions
Besides specific deadlines there is another matter which clearly enhances the tendency to opt
out the new and more unsafe: In recent years JPL has gone from a small number of large and
expensive missions to a large number of small but cheap missions. For instance the Pathfinder
mission of 1996 had a total budget of 265 million dollars5 whereas the Viking missions of
the seventies had a budget of around 8 billion dollars. In this light the Pathfinder mission is
most certainly to be considered a ‘low cost’ mission. The MER mission was more expensive
than Pathfinder, but still nowhere near the Viking budget.
If anything from a previous mission can be used again there are huge amounts of money
and time to save. Many of the cheaper missions must therefore necessarily rely on reuse from
earlier missions. To some extent this reuse issue also applies for the scientists involved in the
missions. Folkner explained:
A problem in doing the smaller missions is that you can only do them with
reasonably experienced people, and because they are small you don’t have the
budget to have an experienced person train an inexperienced person. So JPL
is getting older on the average, because we don’t have a big mission to afford
enough people to have senior and junior people. So JPL is short of junior people.
That is not a problem yet, but in five years or ten years it will be a disaster. The
management here knows that and is trying to deal with it but it is not often you
fix problems until they occur. They are trying to get ahead of that, but it is a
difficult thing. Because we are trying to do so many cheap missions we depend
on experienced people and we are not budgeting training inexperienced people.
It’s probably true throughout NASA and the aerospace industry. (Folkner; 2005)
So far we have mostly focused on how external factors influence the mathematics of a
space mission. We will now turn to examples of concrete mathematics in the MER mission.
Still the purpose of our selection will be to illustrate common features of the mathematics in
a space mission.
5

http://nssdc.gsfc.nasa.gov/database/MasterCatalog?sc=1996-068A
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Mathematics in MER
When describing the mathematics used in MER, the scientists at JPL often referred to the
different phases of the mission. We shall adopt this approach and begin by presenting these
phases.
As mentioned above, before the actual mission begins there is a lot of planning, computer
simulation, and testing of equipment taking place. All of these activities belong to what you
might call the pre-mission. The actual mission begins with the launch phase. When the
spacecraft is separated from the launch vehicle the cruise phase begins. This phase lasts until
45 days before the craft enters the Martian atmosphere where the approach phase begins, a
phase under which the trajectory of the craft is constantly adjusted. The entry, descent and
landing phase (EDL) begins when the craft enters the Martian atmosphere and ends when the
landing module’s airbags are being retracted (see figure 8). After EDL comes a phase called
the post landing phase. This phase begins when the solar arrays are unfolded and ends with
the rover driving onto the surface – the beginning of the surface operation phase. It is in this
phase that the rover is driving around, examining the surface, taking and transmitting pictures.
In the following we shall refer to these phases of the actual mission.
Miguel San Martin told us about several mathematical problems which are involved in the
missions. One of these problems which is always of interest for planetary missions consists of
finding out the craft’s position in space at a given time – the so-called Lost in Space problem.
This problem is an always recurring element of the cruise phase. The problem is in essence
solved by looking at the stars and trying to identify the stars you are looking at. As it turns
out this identification is not at all trivial. According to San Martin you cannot identify a star

Figure 7 The beginning of the launch phase. Left: Launch of Spirit (MER A) on the 10th
of June 2003 from Cape Canaveral Air Force Station. http://www.nasa.gov/lb/missions/
solarsystem/merb_covg.html Right: Launch of Opportunity (MER B) on the 8th of July 2003
also from Cape Canaveral. http://en.wikipedia.org/wiki/Opportunity_rover_timeline
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by its luminance or position relative to other unidentified stars alone, you have to look at star
patterns. San Martin explained:
It’s a pattern recognition problem. The way we do it is using the Sun. That gives
us two axes. [...] People have been playing with variations of this since the ’60s.
Some versions are more clever than others. This one for instance cheated because
we used the Sun. ‘I’m in three dimensions and I don’t know where I am. By
looking at the Sun I know two dimensions.’ Without using the Sun, this problem
is called the ‘Lost in Space’ problem. (San Martin & Folkner; 2005)
So the problem solved in MER was a simplified version of the Lost in Space problem. The
Lost in Space problem was both formulated and solved during the 1960s, i.e. in the beginning
of the space exploration era. The reason we have begun this tale by pulling the Lost in Space
problem out of the hat, is that it has a quality which is typical for the problems in MER – the
solution rests upon well established applied mathematics.
The solving of the Lost in Space problem requires a number of measurements performed
onboard the spacecraft. This gives rise to another problem.
In the cruise we are spinning the spacecraft. We use conservation of angular
momentum to keep our spacecraft from turning. The most sophisticated piece of
software that we have onboard during that time is a Kalman filter. A Kalman
filter is a statistical framework, or algorithm perhaps, to mix information from
different sensors. So you have a dynamic model – in this case it’s a simple rigid
body, which you represent mathematically and then you have some sensors which
measure where the Sun is. And you have a statistical noisy model. (San Martin
& Folkner; 2005)
The Kalman filter makes it possible to combine data from different sensors. Data from these
sensors will often be incomplete, according to the behavior of the measuring equipment in
the specific situation, or affected by noise of some kind. The Kalman filter gives an estimate
of what the measurements would have been had it not been disturbed by all these elements.
San Martin commented on the use of the filter:
It was invented in the ’60s ... You can come up with a sequential filter that allows
you to optimally combine the information from three things; your dynamic model,
your sensors and your star tracking into optimal information about your attitude
[position of spacecraft relative to a frame of reference] and the inertial properties
of your plant. So that is going on all the time. It’s a well known aerospace
industry. (San Martin & Folkner; 2005)
The Kalman filter is named after Rudolph Emil Kalman who first published on this matter
in 1960 (Kalman; 1960). Thus the Kalman filter is another example of MER’s use of a well
established mathematical theory also dating back to the ’60’s.
During our interview with William Folkner we came across another issue that all space
missions needs to attend to, that of finding the optimal trajectory between the point of launch
and the destination. The trajectory is first corrected during the launch phase by firing rockets
on the launch vehicle. During the cruise phase the trajectory is also frequently adjusted
and, as mentioned before, especially during the approach phase a lot of adjusting is taking
place. The Mars missions always uses the same trajectory, a so called Hohmann trajectory.
For two bodies (Mars and Earth) circling another body (the Sun) the Hohmann trajectory is
the solution of the trajectory problem which calls for the least amount of energy at launch.
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Entry turn starts: L-91 min. Turn completed by L-77 min.
Cruise stage separation: L-21 min.
Atmospheric entry: L-6 min., altitude 120 km.
Peak heating: L-4 min.
Numbers approximate for Spirit landing

Parachute deployment: L-113 sec., altitude 8.6 km, speed 472 km/hr.
Heatshield Separation: L-93 sec.
Lander separation: L-83 sec.
Rader ground acquisition: L-35 sec., 2.4 km above ground.
Descent images acquired: L-30 sec., 2.0 km above ground.
L-26 sec., 1.7 km above ground.
L-22 sec., 1.4 km above ground.
Start airbag inflation: L-8 sec., 282 m above ground.
Retro-rocket firing: L-6 sec., 134 m, 82 km/hr.
Bridle cut: L-3 sec., 10 m above ground.
Landing: Entry. 354 sec.
Bounces, rolls up to 1 km.
Roll stop: L+10 min.
Airbags retracted: L+66 min.
Petals opened: L+98 min. to L+187 min.

Approach

EDL

Figure 8 Entry, descent and landing. In the text above ‘L’ stands for landing. (JPL; 2002)

Because the movements of Mars and Earth around the Sun are not located in the same plane,
two optimal solutions (a type 1 and a type 2) exist which calls for the least amount of energy.
We asked Folkner if it would be reasonable to call the trajectory problem for going to Mars a
standard exercise:
Yes, for Mars it is a very standard exercise. For the other planets it tends to
be more complicated because you’ll trade flybys of other planets for angular
momentum against the mission operations time. [...] For going to Mars it always
comes down to: ‘Do you want to do type 1 or type 2?’ (Folkner; 2005)
The Hohmann trajectory was discovered by the German engineer, Walter Hohmann in
19256 and thus serves as another example of how the aerospace industry relies on well
established mathematics. A description of the more complicated trajectories used for flights
to other planets of which Folkner speaks can be found in (Marsden & Ross; 2006).
The mathematical problems and disciplines which we have described above are relatively
isolated. If you are to mention a larger and more complete theory that played a significant
role in MER, control theory might be suitable. We asked Mark Maimone about the amount
of control theory used for steering the rovers:
We have to drive the wheels so there is software that controls the motors there
and all the instruments have motors and have to be controlled so there is some
amount of control theory being applied there. [And] there are a lot of motors,
6
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there are motors that drive the wheels, that spin the cameras, that control the arm
and when we landed we had a lot of motors that were used simply to get up off
the lander; stand up, spread out the wheels, spread out the legs, open up the solar
panels, pull up the mast and do all those things. (Maimone; 2005)
From our interview with Matijevic we could understand that the steering might not be so
mathematically complex as one might think:
Mainly what we’re taking advantage of to at least create the driving pattern, is
the fact that each of the individual six wheels is controllable at least for steering
and so we can create in essence any kind of arc condition. Because of the
individual control we can modulate the speed of the motor turns. That gives us a
means for being able to accommodate surface interactions between the wheels
and the terrain. The foundation is actually fairly simple. We’re using in each
case a simple proportional integral derivative; the control algorithm is very linear.
(Matijevic; 2005)
From Matijevic’s description it seems that most of the control theory used was also well
established mathematics that has been known and applied for many years. During our interview
with San Martin, he suggested that more advanced control theory might be found in the EDL
phase. However, we did not have the time to investigate this any further.
As mentioned early in this article the focus of our study was partly another coherent mathematical theory called channel coding, which deals with the notion of reliable communication.
The signals transmitted to and from Mars are subject to interference during their travel
through deep space. Such interferences of a binary signal may result in bits becoming altered.
The communication between Earth and the rovers not being reliable is of course not acceptable,
just imagine what consequences this might have for the adjustments of the trajectory. The
problem is solved by way of channel codes. The use of coding theory makes it possible
to correct altered bits in a message, hence the codes are also called error correcting codes.
The coding system used in MER depends on two different codes used in combination. Jon
Hamkins explained:
The majority of the missions flying now are concatenated. So the data comes in
and is Reed-Solomon encoded, then it goes through a block interleaver and then
it’s convolutionally encoded. (Hamkins; 2005)
Thus MER’s coding system consisted of two combined, or concatenated, error correcting
codes; a Reed-Solomon code and a convolutional code. Reed-Solomon codes are algebraic
codes whose code symbols comes from a Galois Field. Convolutional codes are another type
of codes which are not as mathematically well understood as the Reed-Solomon codes, but on
the other hand are very efficient and therefore very often used in technology. Convolutional
codes are excellent for correcting single bit errors, the kind of errors which most often occurs
from interference in deep space. Unfortunately the decoding of convolutional codes7 often
results in a run of consecutive errors, so-called burst errors. Fortunately Reed-Solomon codes
are excellent in correcting exactly burst errors, hence the concatenated system. The reason for
first encoding the data with the Reed-Solomon code and then the convolutional code is that
the decoding procedure must be the reverse of the encoding procedure. Block interleaving is
7

JPL uses the so-called Viterbi algorithm in their convolutional decoder.
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Figure 9 The Mars rover Spirit moves its robot arm over a Martian stone in order to take a series
of pictures with its microscope camera. http://marsrovers.jpl.nasa.gov/gallery/press/
spirit

a technique used to ensure that the burst errors from the convolutional decoding are no more
severe than what the Reed-Solomon decoder can handle.
Reed-Solomon codes are named after Irving S. Reed and Gustave Solomon who introduced
these in 1960 (Reed & Solomon; 1960). The convolutional codes are due to Peter Elias
who published on this matter in 1954 (Elias; 1954). The concatenated system was originally
described and tested in the beginning of the ’70’s (J. P. Oddenwalder et al.; 1972) and used
for the first time during the Voyager 2 mission in 1985.
Coding theory was used in the majority of the phases in the actual mission. Every message
between Earth and the rovers, whether they were in flight or on the surface of Mars, were
subject to the coding system described above. Adjustments of the trajectory was not the
only communication occurring during the cruise phase for which reliable communication
was of paramount importance: Software uploads of the rover’s steering systems took place
both during the cruise phase and the surface phase (Maimone; 2005). On the surface another
mathematical theory which is also part of coding theory came into play, namely that of image
compression.
One of the main purposes of the MER mission was to take pictures of Mars. Before
these pictures were transmitted to Earth they had to be compressed. The image compression
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technique primarily used in MER is called The ICER Progressive Wavelet Image Compression,
in short just ICER, and was developed at JPL by Kiely and Klimesh. The word ‘progressive’
refers to progressive fidelity compression. In such a compression a low quality approximation
of the picture is first transmitted. Afterwards bits are transmitted in such a way that the
quality of the picture are gradually improved. When all bits are transmitted the reconstructed
picture equals the original picture. By stopping the transmission before it is complete lossy
compression can be obtained. In this way ICER supports lossless as well as lossy compression
even though it was entirely used for lossy compression. For lossless compression MER relied
on the commercial compression algorithm LOCO. The ICER algorithm, like many other image
compression techniques, overall consists of three stages; preprocessing, modelling and entropy
encoding of data. Kiely explained:
We got data coming in, an image or whatever it is, and then some sort of
preprocessing stage for example a wavelet transform plus quantization or a
discrete cosine transform or something. The goal is that it doesn’t perform any
compression and in fact it is often a lossy process, it might throw out some of
the data but the idea is to process the data in a way that makes it more receptive
to compression through the entropy encoder. The entropy encoder is sort of the
engine. Given some sort of probabilistic model of the source it compresses data
or represents it in a more efficient way through something like a variable length
code. That is sort of the big picture of what is going on. So for example for
ICER what is going on is mostly a probabilistic transform. For LOCO it is in
essential trying to project a probability distribution on the next pixel that it is
about to encode based on what it has seen in the nearby neighbors. (Kiely; 2005)
ICER uses a wavelet transform that closely but not exactly resembles a Haar-transform, a
context model (also known as a Markov model) and the majority of the entropy codes used
by the entropy encoder are the so-called Golomb codes (Kiely & Klimesh; 2003). The LOCO
algorithm is a bit different from ICER since it do not have a preprocessing stage which is
typical for lossless compression techniques. It does use context modelling and it uses both
Golomb codes and Huffman codes (Weinberger et al.; 1996). Alfréd Haar’s transform dates
back to 1910 (Haar; 1910). Golomb codes are due to Solomon W. Golomb who described
these codes in 1966 (Golomb; 1966). Huffman codes are due to David A. Huffman who
discovered these codes in the beginning of the 1950s while still a student at MIT (Huffman;
1952).
From our point of view the most interesting aspect of ICER is that this compressor for
the first time introduced wavelets into an image compressor for space applications. Wavelets
has only recently found its way into commercial standards like the JPEG 2000 compressor,
so this is an area of the mission where a surprisingly new approach to a problem is taken.
The reason for this is probably that using a new image compressor is not so much of a risk
because it is implemented in software rather than hardware.
The above presentation of mathematics in MER is of course merely scratching the surface.
Discovering every little piece of mathematics put to use in the MER mission probably is an
impossible task to undertake despite being “the most knowledgeable historians of mathematics”
or not.
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Figure 10 A picture taken from Spirit’s rear camera. The rover’s left rear wheel can be seen to the
right in the picture. http://marsrovers.jpl.nasa.gov/gallery/press/spirit

Conclusions
From the mathematics we did discover and investigate we found that the majority of the
theories are well known and well established theories of mathematics, like for instance the
Hohmann trajectory, Kalman filters, Reed-Solomon codes and convolutional codes. Also
in the image compression both Golomb codes and Huffman codes as well as the Markov
models are examples of well established mathematics. The newest piece of mathematics we
came across was the wavelets in ICER’s preprocessing. The mathematical theory of wavelets
only dates back to the beginning of the 1990’s and is due to Ingrid Daubechies (Daubechies;
1992). However, wavelets has been around in applied mathematics for a long time and as we
mentioned the specific transform of ICER is inspired by the Haar-transform from 1910.
Besides the use of all these ‘advanced’ mathematical theories are of course an enormous
amount of more basic mathematics. So Philip Davis was certainly right when he said that
“the Mars shot would have been impossible without a tremendous underlay of mathematics”.
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Folkner said it himself when we discussed the MER mission:
There is mathematics in everything. There is control theory, aerodynamics,
orbital dynamics, Newtonian gravity, bodies going around the Sun. We use
general relativity, that’s mathematics of physics [...] Linear algebra is a field of
mathematics we use all the time. Matrices. That’s in the control theory all the
time. There is Riemannian geometry in the general relativity. Calculus. (San
Martin & Folkner; 2005)
Thus, a mission like MER is relying on a vast amount of mathematics. However, the
mathematics is often hidden. Not surprisingly the mathematics is hidden to the public as
most mathematics in our society is. But more surprisingly, it is to some extent also hidden to
the employees of JPL. The main reason for this is that a lot of the work done at JPL involves
mathematics embedded in commercial software packages. Another reason is that some of the
mathematics is such an integrated part of a mission, that it is not thought of as mathematics (we
mentioned earlier looking up planetary positions in a table). Finally, classification contributes
to hiding the mathematics – something which we also encountered with a couple of times
during our stay at JPL. (For a further discussion of the hidden mathematics in MER, see
(Jankvist & Toldbod; 2007).) The hiding of the mathematics in the mission is bound to make
it more difficult to discover the mathematics involved.
Due to the extreme nature of a Mars mission one might think that this would call for
‘extreme’ mathematics, mathematics that would have to be developed for the sole purpose
of this mission. This, however, does not seem to be the case. We did not come across any
contributions to basic research in mathematics as a result of the MER mission through our
investigation. The role of JPL seems to be another, namely that of the consumer of already
developed mathematics – applied mathematics.
Due to this the majority of the scientists of JPL are applied scientists, but with a wide
variety of educational backgrounds; engineering, computer science, physics, mathematics
and so on. The thing these people have in common is that they all have very high levels of
education (Ph.D. degrees). For JPL the educational background does not necessarily seem to
be the main focus, rather it is a question of whether or not an employee can solve the task
that needs solving. Klimesh told:
I didn’t start working on data compression until I came here. Actually that is
not so unusual in engineering... [...] A lot of the mathematics is the same and
when they hire someone, what they really want is someone who is good a solving
problems. (Klimesh; 2005)
All the people we talked to seemed to have come to JPL more or less immediately after
having completed their studies. And all of them seemed driven by the desire to work within
the aerospace industri and none seemed to want to leave JPL again.
The work performed at JPL are subject to a number of conditions all with consequences
for the work. The lower budgets of the smaller missions has the effect that the JPL staff
is composed by many senior scientists and only few juniors, a matter which in part is also
conditioned by the smaller missions’ dependence on experienced personnel. The lower budgets
also makes it attractive to reuse existing solutions to problems from mission to mission, a
matter which is not likely to promote the implementation of new ideas. Also the very strict
timetables and deadlines may make it almost impossible to pursue new ideas and solutions to
old problems. The long and tortuous process of flight qualification, including the extensive
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testing of all equipment also enhances this tendency. However, it seems that for some areas
of a space mission new ideas are more welcome than in other areas. The image compression
scheme used in MER was the newly developed ICER compressor. ICER could more easily be
introduced to the mission, because ‘only’ software needed to be replaced. But on the overall
it seems that new ideas must always be weighed against the effort needed to implement them.
We shall end our conclusions with a quote by William Folkner in which he nails this point
exactly:
Everything is a cost-benefit analysis. The whole space system is a cost-benefit
analysis. (Folkner; 2005)
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The Philosophy of Mathematics, Values and Keralese Mathematics
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Abstract
This paper explores the philosophical significance of the Keralese and Indian subcontinent contribution to history of
mathematics. Identifying the most accurate genesis and trajectory of mathematical ideas in history that current
knowledge allows should be the goal of every history of mathematics, and is consistent with any philosophy of
mathematics. I argue for the need of a broader conceptualization of philosophy of than the traditional emphasis on
scholastic enquiries into epistemology and ontology. For such an emphasis has been associated, though I add need
not necessarily be so, with an ideological position that devalues non-European contributions to history of
mathematics. The philosophy of mathematics needs to be broad enough to recognise the salient features of the
discipline it reflects upon, namely mathematics.

Keywords: Non-european roots of mathematics; Keralese mathematics; Philosophy of
mathematics; mathematics and values; history of mathematics.

1. What is the Business of the Philosophy of Mathematics?
Traditionally, in Western philosophy, mathematical knowledge has been understood as universal
and absolute knowledge, whose epistemological status sets it above all other forms of
knowledge. The traditional foundationalist schools of formalism, logicism and intuitionism
sought to establish the absolute validity of mathematical knowledge by erecting foundational
systems. Although modern philosophy of mathematics has in part moved away from this dogma
of absolutism, it is still very influential, and needs to be critiqued. So I wish to begin by
summarising some of the arguments against Absolutism, as this position has been termed (Ernest
1991, 1998).
My argument is that the claim of the absolute validity for mathematical knowledge cannot be
sustained. The primary basis for this claim is that mathematical knowledge rests on certain and
necessary proofs. But proof in mathematics assumes the truth, correctness, or consistency of an
underlying axiom set, and of logical rules and axioms or postulates. The truth of this basis cannot
1
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be established on pain of creating a vicious circle (Lakatos 1962). Overall the correctness or
consistency of mathematical theories and truths cannot be established in non-trivial cases (Gödel
1931).
Thus mathematical proof can be taken as absolutely correct only if certain unjustified
assumptions made. First, it must be assumed that absolute standards of rigour are attained. But
there are no grounds for assuming this (Tymoczko 1986). Second, it must be assumed that any
proof can be made perfectly rigorous. But virtually all accepted mathematical proofs are informal
proofs, and there are no grounds for assuming that such a transformation can be made (Lakatos
1978). Third, it must be assumed that the checking of rigorous proofs for correctness is possible.
But checking is already deeply problematic, and the further formalizing of informal proofs will
lengthen them and make checking practically impossible (MacKenzie 1993)
A final but inescapably telling argument will suffice to show that absolute rigour is an
unattainable ideal. The argument is well-known. Mathematical proof as an epistemological
warrant depends on the assumed safety of axiomatic systems and proof in mathematics. But
Gödel’s (1931) second incompleteness theorem means that consistency and hence establishing
the correctness and safety of mathematical systems is indemonstrable. We can never be sure
mathematics theories are safe, and hence we cannot claim their correctness, let alone their
necessity or certainty. These arguments are necessarily compressed here, but are treated fully
elsewhere (e.g., Ernest 1991, 1998). So the claim of absolute validity for mathematical
knowledge is unjustified.
The past two decades has seen a growing acceptance of the weakness of absolutist accounts of
mathematical knowledge and of the impossibility in establishing knowledge claims absolutely. In
particular the ‘maverick’ tradition, to use Kitcher and Aspray’s (1988) phrase, in the philosophy
of mathematics questions the absolute status of mathematical knowledge and suggest that a
reconceptualisation of philosophy of mathematics is needed (Davis and Hersh 1980, Lakatos
1976, Tymoczko 1986, Kitcher 1984, Ernest 1997). The main claim of the 'maverick' tradition is
that mathematical knowledge is fallible. In addition, the narrow academic focus of the
philosophy of mathematics on foundationist epistemology or on Platonistic ontology to the
exclusion of the history and practice of mathematics, is viewed by many as misguided, and by
some as damaging.

2. Reconceptualizing the Philosophy of Mathematics
Although a widespread goal of traditional philosophies of mathematics is to reconstruct
mathematics in a vain foundationalist quest for certainty, but a number of philosophers of
mathematics agree this goal is inappropriate. “To confuse description and programme - to
confuse 'is' with 'ought to be' or 'should be' - is just as harmful in the philosophy of mathematics
as elsewhere.” (Körner 1960: 12), and “the job of the philosopher of mathematics is to describe
and explain mathematics, not to reform it.” (Maddy 1990: 28). Lakatos, in a characteristically
witty and forceful way which paraphrases Kant indicates the direction that a reconceptualised
philosophy of mathematics should follow. “The history of mathematics, lacking the guidance of
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philosophy has become blind, while the philosophy of mathematics turning its back on
the...history of mathematics, has become empty” (1976: 2).
Building on these and other suggestions it might be expected that an adequate philosophy of
mathematics should account for a number of aspects of mathematics including the following:
1. Epistemology: Mathematical knowledge; its character, genesis and justification, with special
attention to the role of proof
2. Theories: Mathematical theories, both constructive and structural: their character and
development, and issues of appraisal and evaluation
3. Ontology: The objects of mathematics: their character, origins and relationship with the
language of mathematics, the issue of Platonism
4. Methodology and History: Mathematical practice: its character, and the mathematical
activities of mathematicians, in the present and past
5. Applications and Values: Applications of mathematics; its relationship with science,
technology, other areas of knowledge and values
6. Individual Knowledge and Learning: The learning of mathematics: its character and role in
the onward transmission of mathematical knowledge, and in the creativity of individual
mathematicians (Ernest 1998)
Items 1 and 3 include the traditional epistemological and ontological focuses of the philosophy
of mathematics, broadened to add a concern with the genesis of mathematical knowledge and
objects of mathematics, as well as with language. Item 2 adds a concern with the form that
mathematical knowledge usually takes: mathematical theories. Items 4 and 5 go beyond the
traditional boundaries by admitting the applications of mathematics and human mathematical
practice as legitimate philosophical concerns, as well as its relations with other areas of human
knowledge and values. Item 6 adds a concern with how mathematics is transmitted onwards from
one generation to the next, and in particular, how it is learnt by individuals, and the dialectical
relation between individuals and existing knowledge in creativity.
The legitimacy of these extended concerns arises from the need to consider the relationship
between mathematics and its corporeal agents, i.e., human beings. They are required to
accommodate what on the face of it is the simple and clear task of the philosophy of
mathematics, namely to give an account of mathematics.

3. Challenging Epistemological Assumptions and Values
The challenge to the traditional philosophy of mathematics to broaden its epistemological goal,
as indicated above, raises some critical issues. In particular, if providing ironclad foundations to
mathematical knowledge and mathematical truth is not the main purpose of philosophy of
mathematics, has this fixation distorted philosophical accounts of mathematics and what is
deemed valuable or significant in mathematics? To what extent is the philosophical emphasis on
mathematical proof and deductive theories justified? I want to argue that the emphasis on
mathematics as made up of rigorous deductive theories is excessive, and this focus in fact existed
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for only two periods totaling possibly less than ten percent of the overall history of mathematics
as a systematic discipline, and then only in the West.2
The first of these two periods was the ancient Greek phase in the history of mathematics which
reached its high point in the formulation of Euclid’s Elements, a systematic exposition of
deductive geometry and other topics. The second period is the modern era encompassing the past
two hundred years or so. This second period was first signaled by Descartes’ modernist
epistemology, with its call to systematize all knowledge after the model of geometry in Euclid’s
Elements. However, fortunately, his injunction was not applied in the practices of
mathematicians for the next two hundred years, which was instead a period of great creativity
and invention in the West. Only in the 19th century did the newly professionalized
mathematicians turn their attention to the foundations of mathematical knowledge and
systematize it into axiomatic mathematical theories. The contributions of Boole, Weierstrass,
Dedekind, Cantor, Peano, Hilbert, Frege, Russell and others in this enterprise up to the time of
Bourbaki are well known.
I am not claiming that all or even most mathematical work was foundational during these two
exceptional periods. But the foundational work is what caught the attention of philosophers of
mathematics, and in the spirit of Cartesian modernism has become the epistemological focus of
modern philosophy of mathematics, as well as the touchstone for what is deemed to be of
epistemologically valuable. I do not want to detract from either the magnificence of the
achievement in the foundational work carried out by mathematicians and logicians, nor from the
pressing nature of the problems that made attention to it so vital in the early part of the 20th
century. Nevertheless, the legacy of this attention has been to overvalue the philosophical
significance of axiomatic mathematics at the expense of other dimensions of mathematics. Two
underemphasized dimensions of mathematics are calculation and problem solving. All three of
these aspects of mathematics involve deductive reasoning, but axiomatic mathematics is valued
above the others as the supreme achievement of mathematics.
There is another feature shared by the two historical periods that emphasised axiomatic
mathematics, namely a purist ideology involving the philosophical dismissal or rejection of the
significance of practical mathematics. The antipathy of the ancient Greek philosophers to
practical matters including numeration and calculation is well known. This aspect of
mathematics was termed ‘logistic’ and regarded as the business of slaves or lesser beings. In the
modern era, calculation and practical mathematics have been viewed as mathematically trivial
and philosophically uninteresting. The fact that philosophers have been concerned with ontology
and the nature of the mathematical objects has engendered little or no interest in the symbolism
of mathematics, or calculations and transformations that convert one mathematical object (or
rather its name, a term) into another. Such a view is typified by Platonism, which concerns itself
primarily with mathematical truths and objects. These are presumed to exist in an unearthly and
idealized world beyond that which we inhabit as fleshy and social human beings, such as
Popper’s (1979) objective World 3.

2

I take the beginning of disciplinary mathematics to be around 2500-3000 BCE, following Høyrup (1980) and
(1994).
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Of course at the same time as these modern developments were taking place applied mathematics
and theoretical or mathematical physics were making great strides, but this was not considered to
be of interest to philosophers of mathematics (however much interest it was to philosophers of
science), because of their purist ideology. Even in British public schools, during the late
Victorian era, mathematics was taught in with ungraduated rulers because graduations implied
measurement and practical applications, which was looked down upon for the future professional
classes and rulers of the country. (Admittedly some of the rationale was that Euclid’s geometry
only requires a straight-edge and a pair of compasses as drawing instruments).
What I have described here (in order to critique it) is an ideological perspective that elevates
some aspects of mathematics above others, but typically does not acknowledge that it is based on
a set of values, a set of choices and preferences to which no necessity or logical compulsion is
attached. Furthermore, it appears that such values have only been prominent during a small part
of the history of mathematics.
In order to strengthen my critique of these values I want to point out that mathematical proof, the
cornerstone of axiomatic mathematics, and calculation in mathematics, are formally very close in
structure and character. In Ernest (forthcoming) I have argued that mathematical topic areas (e.g.,
number and calculation) can be interpreted as being made up semiotic systems, each comprising
(1) a set of signs, (2) rules of sign production and transformation, and (3) an underpinning
(informal) meaning structure. Such signs include atomic, i.e., basic, signs and a range of
composite signs comprising molecular constellations of atomic signs. These signs may be
alphanumeric (made up of numerals or letters) or figural (e.g., geometric figures) or include both
(e.g., figures with labels and the types of inference employed). The use of semiotic systems is
primarily that of sign production in the pursuit of some goal (e.g., solving a problem, making a
calculation, producing a proof for a theorem). I want to claim that most recorded mathematical
activity concerns the production of sequences of signs (within a semiotic system). Typically
these are transformations of an initial composite sign (S1), resulting after a finite number (n) of
transformations, in a terminal sign (Sn+1), satisfying the requirements of the activity. This can be
represented by the sequence: S1 Æ S2 Æ S3 Æ ... Æ Sn+1. Each transformation (represented by
Æ) constitutes the application of one of the rules of the semiotic system to the sign, resulting in
the derivation of the next sign in the sequence. More accurately these should be represented by
Æi , with i = 1, …, n, since each transformation in the sequence is potentially different.
My claim is that this formal (semiotic) system describes most mathematical domains and
activities. If the initial sign is the statement of a problem, the sequence represents the derivation
of a solution to the problem. I will not dwell on this case as there are many complications
involved in problem solving, such as the use of multiple representations, branching solution
attempts3, etc. and some of the transformations (such as interpreting an initial problem
formulation and constructing a problem representation) are neither easily made explicit nor fully
formalizable. Furthermore, there is no simple characterization of the relationship between the
transformational rules and the underlying informal meaning structure, for the transformations are
partly structure preserving morphisms, and partly calculational.
3

Clearly branching derivations can occur in virtually all mathematical processes or activities including those
involved in problem solving, deriving mathematical proofs, and mathematical calculations. However, they are
mostly eliminated from the transcriptions of successfully completed activities.
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More significantly in the present context, such transformational sequences can represent a
deductive proof for a theorem. In this case it consists of a sequence of sentences, each of which
is derived from its predecessors by the deductive rules of the system (including the introduction
of axioms or other assumptions). The final sign in the sequence is the theorem proved. The
meaning structure underpinning the rules of proof is based on the principle of the preservation of
the truth value of sentences in each deductive step, and hence along the length of the proof
sequence (which is why axioms can be inserted, and why proofs ‘work’, i.e., do what they are
designed to do.)4
In the case of a calculation, the initial sign is usually a compound term. Subsequent terms are
derived by calculational rules and typically each is a simplification in some sense of its
predecessor. The final term in a calculation is the simplified numerical ‘answer’ to the problem.
With the introduction of algebra and other functions and operations such as trigonometrical
functions, the answer may instead be a simplified but non-numerical term (i.e., a function). Thus
calculations are sequences of terms, each derived from predecessors by the rules of the system.
The meaning structure underpinning the rules of calculation is based on the principle of the
preservation of numerical value.5
Thus there is a strong analogy between the semiotic systems based on calculation and those
based on deductive proof. The transformations of terms and sentences are based on the
underlying principles of value preservation, namely numerical value or truth value, respectively,
as I have demonstrated. In addition, calculation concerns terms and proof concerns sentences (or
formulas), and both of these are defined similarly. Terms (sentences) are defined recursively as
follows. An atomic term (sentence) consists of a constant or a variable (an n-place predicate
applied to constants or variables, respectively). A compound term (sentence) is defined as the
result of applying a function or operation (a logical connective or quantifier, respectively) to one
or more terms (sentences, respectively), to make a new term (sentence, respectively). Thus
structurally terms and sentences are very similar, defined analogously by induction.
The sequential and rule-based nature of calculation is something that precedes the development
of the deductive proof of theorems by at least two thousand years. My contention is that without
the long and ancient tradition of rule following in sequences of calculations, and the
entrenchment of the grammatical and value preservational features noted above, the development
of proof would not be possible. As I have indicated here, there is a striking analogy between
calculations and deductive proofs of theorems, rarely if ever remarked upon, that puts into
question the claimed superiority of proof.

4

Note that I have not distinguished between the two analogous forms of proof which employ equivalence or
deductive consequence as the transformational relationship at each step. In the latter the truth value derived is
greater than or equal to is precedent value, in the former it is equal to it. But in each case (in bivalent logic), since
the initial truth value in the sequence must be 1 the whole sequence of truth values including the final term, the
theorem proved, is 1.
5

The preservation of one of the four inequality relations along the sequence is possible variation, where an upper or
lower bound on the value of the term is determined
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Furthermore, proof and calculation are formally equivalent, in modern foundational terms.
Calculations utilize the term as a basic unit of meaning (and as that which is transformed),
whereas deductive proofs use the sentence (including formulas or open sentences) as a basic unit.
However, there are equivalence transformations between calculations and proofs. A calculation
sequence of the form t1, t2, t3, …, tn, where each ti (1≤i≤n) is a term, can be represented as a
deductive proof of the form t1=t2, t2=t3, t3=t4, …, tn-1=tn in which each identity asserts that
numerical values of adjacent terms are preserved identically in the calculation. By an extended or
repeated application of the transitivity of identity (x=y & y=z Æ x=z, for all x, y & z), t1=tn is
derived, thus equating the initial term of the calculation and the terminal term, the ‘answer’.
Likewise, a deductive proof of the form S1, S2, S3, …, Sn, can be represented as a series of terms.
These are the values of the truth value function f defined on numerical representations of true and
false sentences to give the values 1 and 0, respectively. For a valid proof these values must be
f(S1ÆS2) = f(S2ÆS3) = … = f(Sn-1ÆSn) =1. The formal details are messy and omitted here (see
Gödel 1931 for the introduction of arithmetization of logic, and Kleene 1952) but the principle is
both simple and sound. It is well known that f is a morphism mapping <S, Æ> onto a Boolean
algebra <f(S), ≤>.6
The very strong analogy and structural similarities between proof and calculation, including their
inter-convertibility, challenges the preconception often manifested in philosophical and historical
accounts of mathematics that proof is somehow intellectually superior to calculation in
mathematics.7 Looking in detail at the technical and structural aspects of proof and calculation
reveals that they cannot be so easily attributed to different epistemological domains as is often
claimed. It is not defensible to say that proof alone in mathematics pertains to the true, good,
beautiful, to wisdom, ‘high-mindedness’ and the transcendent dimensions of being, and that
calculation is only technical and mechanical, pertaining to the utilitarian, practical, applied, and
mundane; the lowly dimensions of existence. Such assertions are part of an ideological position
incorporating a set of values that overvalues pure proof-based mathematics as having
epistemological significance, and undervalues calculation and applied mathematics as having
only practical significance; going back to the social divisions of ancient Greek society, as noted
above, and the prejudices and ideology to which it gave rise.
This preconception or prejudice is used as the basis for asserting that the contributions of some
cultures and civilizations are intellectually superior to others in history of mathematics. It also
undervalues the solving of problems, calculations and other local applications of deduction in
mathematics (including proof, see Joseph 1994). Thus the mathematics of ancient Egypt,
Mesopotamia and India, as well as other countries outside of the Greco-European tradition, is
viewed as inferior and immature. Part of the argument is that only cultures that produce
axiomatic proof in mathematics achieve the highest levels of abstract intellectual achievement.

6

Technically the truth value function f can simply be defined on the domain of sentences under a given
interpretation provided that there is an effective procedure for determining whether each sentence is true or false
(thus giving values 1 or 0, respectively) under the given interpretation of the underlying theory or formal language.
7

Joseph (1991) is among the few to note the importance of algorithms and calculation in the history of mathematics
and to note their almost universal devaluation by other commentators.
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I have argued that philosophical dispositions and values have underpinned a prejudice against
ascribing value to certain forms of mathematical activity. In particular, that axiomatic systems
are greatly valued over less systematic forms of deduction including problem solving, calculation
and unsystematized proofs. Furthermore, this prejudice also maintains the contrast between and
overvalues any form of proof, including unsystematized and unaxiomatized proofs over any form
of calculation or problem solving.
These two levels of prejudice, these two value-based distinctions and preferences are frequently
elided in the history and philosophy of mathematics. Thus the contributions of the ancient
Greeks of the Euclidean type, and the modern focus on axiomatics of the past two centuries are
seen to characterize the superior forms of thought of what is purported to be a Greco-European
tradition. Furthermore, the unsystematized and unaxiomatized proofs and methods characterizing
the official European history of mathematics from the late-Renaissance to the beginning on the
Nineteenth century are seen as also reflecting the superior methods and concepts and higher
forms of thought of the modern European tradition in their nascent phase, whose superiority and
value is demonstrated in the subsequent flowering of the axiomatic tradition in Europe.
Through this elision, there arises the discounting of the proof-based contribution of cultures and
civilizations outside of the ‘Greco-European’ tradition. Thus although there is a tradition of
convincing demonstration or proofs, known as Upapatis, originating around two millennia ago in
India, these proofs are discounted as intellectually inferior (Joseph 1994). Admittedly there are
significant differences between the ancient Greek and the early Indian concepts of proof. Joseph
2000) has convincingly argued that ancient Indian mathematics was at least partially shaped by
linguistic and grammatical conceptions of knowledge, based on the contributions of Panini;
whereas ancient Greek mathematics was shaped by developments in philosophical thinking. So
there are differences in the epistemological basis for different forms of proof that have emerged
in different cultures and civilizations. However, the current challenges to the philosophy of
mathematics discussed in the beginning of this paper, legitimate challenges to the traditional
univocal and absolute conceptions of mathematics, knowledge and proof. From the perspective
of the new fallibilist or social constructivist philosophies of mathematics, there is no ultimate or
uniquely correct form of proof. Rather the forms of proof accepted within any culture or
civilization during any epoch are a function of the historically contingent conceptual history and
epistemological preconceptions that emerge and are accepted by the relevant geographicohistorical communities of scholars. So there is no basis for elevating certain cultural forms of
proof and demoting others on epistemological grounds alone. Each must be judged within the
cultural contexts of its geographico-historical location.

4. Eurocentrism in the History and Philosophy of Mathematics
The above discussion raises the question of why informal and unsystematized proofs and
demonstrations that occur in the mathematical histories of certain cultures are valued more than
those of others. Why, for example, are the unsystematized proofs, methods and results of postRenaissance European mathematics regarded as superior to antecedent developments in Kerala
of comparable character? To answer this it is necessary to turn to another dimension of
ideological prejudice at work in the history and philosophy of mathematics. This is eurocentrism,

TMME, vol4, no.2, p.182

the racist bias that claims that the European ‘mind’ and its cultural products are superior to those
of other peoples and races. Thus Bernal (1987) has argued that during the past two hundred year
or so, ancient Greece has been ‘talked up’ as the starting point of modern European thought, and
the ‘Afroasiatic roots of Classical Civilisation’ have been neglected, discarded and denied.
Against this backdrop it is not surprising that that mathematics has been seen as the product of
European mathematicians. However, there is now a widespread literature supporting the thesis
that mathematics has been misrepresented in a eurocentric way, including Almeida and Joseph
(2004), Joseph (2000), Powell and Frankenstein (1997) and Pearce (undated). A common feature
of eurocentric histories of mathematics is to claim that it was primarily the invention of the
ancient Greeks. Their period ended almost 2000 years ago, which was followed by the ‘dark
ages’ of around 1000 years until the European renaissance triggered by the rediscovery of Greek
learning led to modern scientific and mathematical work in Europe (and its cultural
dependencies). This trajectory is illustrated in Figure 1.
Figure 1: Eurocentric chronology of mathematics history (from Pearce, undated).

Some accounts have acknowledged the impact of lower level Egyptian and Babylonian
mathematics on ancient Greek developments, as well as the later minor contributions of Indian
and Arabic mathematicians (often seen primarily as custodians of Greek knowledge) on the
history of mathematics in Europe (i.e., The history of mathematics). This is shown in the
Modified Eurocentric model (figure 2).
Figure 2: Modified Eurocentric model (from Pearce, undated)
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Pearce, Joseph and others go on to argue that in the so-called ‘dark ages’ and beyond, from 5th 15th centuries, a great deal of mathematical work continued. Further the relationships between
different regions and countries was complex and multidirectional and “A variety of mathematical
activity and exchange between a number of cultural areas went on while Europe was in a deep
slumber.” (Joseph, 2000: 9). In figure 3 I reproduce Pearce’s diagram of interrelationships in the
development Non-European mathematics during the dark ages.
Figure 3: Non-European mathematics during the dark ages (from Pearce, undated)

Thus out of ignorance or prejudice arising from ideologically based values and preconceptions,
eurocentric histories of mathematics, neglect the ‘Non-European roots of mathematics’ (to quote
the subtitle of Joseph, 2000). There is a small but growing impact of such critical ideas in the
history and philosophy of mathematics as indicated here. However, in my view, there is still an
under-emphasis on the vital role of pre-Hellenic civilizations in providing the conceptual basis
for modern mathematics through calculation, problem solving, etc.

5. Mathematics of the Indian Subcontinent and Kerala
One of the major casualties in the Eurocentric view of mathematics has been the ignoring or
undervaluing of the contributions to mathematics of the Indian subcontinent. The long presence
of deductive proofs in mathematics from this region has already been noted (Joseph 1994, 2000).
Although the invention of zero by mathematicians of the Indian subcontinent has long been
acknowledged, the significance of this as the lynchpin of the decimal place value system is often
underestimated. Rotman (1987) presents a view of this innovation that puts its significance as
reaching far beyond mathematics, right at the heart of European cultural and intellectual
development in the Renaissance and early modern times. Pearce (undated) argues the Indian
development of decimal numeration together with the place value system is the most remarkable
development in the history of mathematics, as well as being one of the foremost intellectual
productions in the overall history of humankind. I have indicated above how both
philosophically and in the published histories of mathematics, calculation and numeration have
traditionally been downplayed as epiphenomena of what is perceived to be the much more
important Platonic conception of number. This is a misrepresentation of the intellectual
significance of these developments without which the modern conceptions of number (including
its computerization, with all of the applications this brings) would not be possible.
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In the history of mathematics in the Indian subcontinent, much attention has been given to very
large numbers, including powers of ten up to near 50. Whether these were contributors to or
results of the development of the decimal place value system is for historians to say. Likewise it
is tempting to speculate as to whether the extension of the decimal place value system into
decimal fractions helped in the conceptualisation and formulation of the remarkable series
expansions developed in Kerala. Although there is no unequivocal historical basis for this, it is
convincingly claimed that floating point numbers were used by Kerala mathematicians to
investigate the convergence of series (Almeida et al. 2001).
This brings me to one of the most remarkable and most neglected episodes in the history of
mathematics, and the focus of this conference. This is the fact that Keralese mathematicians
discovered and elaborated a large number of infinite series expansions and contributed much of
the basis for the calculus, which is traditionally attributed to 17th and 18th century European
mathematicians. Furthermore, this is not a case of simultaneous discovery in Kerala, for the work
in Kerala took place two centuries before that in Europe.
Pearce (undated), Joseph (2000) and others attribute to Madhava of Sangamagramma (c. 1340 1425), the Keralese mathematician-astronomer, the important step of moving on from the finite
procedures of ancient mathematics to treat their limit, the passage to infinity, the essence of
modern classical analysis. He is also thought to have discovered numerous infinite series
expansions of trigonometric and root terms, as well as for π, for which he calculated the value up
to 13 (some say 17) decimal places (Pearce, undated). These inestimably important results
anticipate some of the discoveries attributed to or named after the great mathematicians Gregory,
Maclaurin, Taylor, Wallis, Newton, Leibniz and Euler.
Joseph (2000: 293) claims that “We may consider Madhava to have been the founder of
mathematical analysis. Some of his discoveries in this field show him to have possessed
extraordinary intuition”. Almeida et al. (2001) have argued that Keralese contributions as a
whole anticipate developments in Western Europe by several centuries in work on infinite series
for numerical integration results.
In addition, these results are very possibly not just the anticipations of unacknowledged genius in
the Indian subcontinent, and as such a very remarkable case of independent discovery. There is
the very real possibility that these Keralese discoveries were transmitted to Europe by Jesuit
missionaries and ‘appropriated’ by European mathematicians as their own (Almeida and Joseph
2004). The arguments for this transmission and appropriation are very persuasive, if not yet
established with certainty. Certainly the mathematicians of Renaissance Europe are known to
have been secretive about their methods and knowledge, and if they had ‘purloined’ the
foundational results of calculus from Kerala would conceal and deny their origins.
As a non- historian of mathematics, I find this new recognition of the major Keralese and Indian
subcontinent contributions to the history of mathematics remarkable. The fact that traditional
histories of mathematics fail to acknowledge these and other non-European contributions is
partly due to ignorance, for until recently it was difficult to find proper sources on this in
standard texts. But there is much more to this, as there have been some reports of the
anticipations in the literature for almost two centuries which have been disparaged or ignored.
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Instead there are two sets of entwined ideological presuppositions that have led to this denial and
blindness. The first is the epistemological prejudice towards a certain style of mathematics,
namely the axiomatic theories and purist ideas discussed above as well as favoring proofs over
calculation al and applied mathematics. Through the lenses of these modern prejudices the
historical contributions of non-Eurocentric traditions has been minimized and trivialized. The
second set of ideological presuppositions is more sinister. This is the racial prejudice of
Eurocentrism. Namely, that only the ‘Western mind’ (i.e., the Caucasian or European) is capable
of the pure thought and insights required in the highest forms of mathematics. Thus the
contributions of African, Asian, Indian subcontinent, and Oriental peoples is discounted and
minimized, because by the presupposed ‘very inferior nature’ of these peoples they are incapable
of the high levels of thought involved. Hence any results that contradict these prejudices is ab
initio incorrect. Thus such discoveries are minimized as intellectually inferior, or doubted and
attributed to the transmission and copying of ideas from West to East, or in the last resort,
challenged with regard to their chronology.

6. Conclusion
So what is the philosophical significance of the Keralese and Indian subcontinent contribution to
history of mathematics? Identifying the most accurate genesis and trajectory of mathematical
ideas in history that current knowledge allows should be the goal of every history of
mathematics, and is consistent with any philosophy of mathematics. However, I have argued that
a broader conceptualization of philosophy of mathematics is needed than the traditional emphasis
on scholastic enquiries into epistemology and ontology. For such an emphasis has been
associated, though I add need not necessarily be so, with an ideological position that devalues
non-European contributions to history of mathematics. The philosophy of mathematics needs to
be broad enough to recognise the salient features of the discipline it reflects upon, namely
mathematics. As Lakatos (1976) indicated in the quote given above, the philosophy of
mathematics has become empty by ignoring the history of mathematics.
It is no little charge to claim that the history and philosophy of mathematics have in effect
become infused with error and a racist ideology, through the implicit and unacknowledged
values and prejudices. Elsewhere, as well as above, I have argued that it is the business of
mathematics and the philosophy of mathematics to take the issue of values seriously (Ernest
1998), and it is no longer enough to claim that these are outside of its proper subject matter.
After all, ethics is just another branch of philosophy and I can see no grounds for its a priori
exclusion. All human activities, however rarefied and abstruse are part of the vast cultural project
of humankind, and as such none has the right to claim exemption from awareness of values and
social responsibility (provided that this is not used as an excuse to limit freedom of thought and
critique).
Endnote: This paper was delivered at an International Workshop on “Medieval Kerala
Mathematics: its historical relevance and the possibility of its transmission to Europe”, held at
Kovalam, Kerala, India, Dec 15 and 16, 2005
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A Hexagon Result and its Generalization via Proof
Michael de Villiers1
University of KwaZulu-Natal, South Africa

Abstract
This paper presents the discovery of a hexagon result on Geometer’s Sketchpad and its generalization via proof for
any 2n-gon. The result is : If ABCDEF is a hexagon with opposite sides parallel (not necessarily equal), then the
respective centroids G, H, I, J, K and L of triangles ABC, BCD, CDE, DEF, EFA and FAB, form a hexagon with
opposite sides both equal and parallel.

Keywords: Discovery; Geometer’s sketchpad; Hexagons; Generalization; Mathematical
experimentation; 2n-gons; Proof

“The object of mathematical rigour has been only to sanction and legitimatize the conquests of
intuition.” – Jacques Hadamard about 1900 (in Kline, 1980:318)

1. Introduction
The above quote represents a fairly common myth, namely, that mathematics is mainly a product
of intuition and experimentation, and that the only role of proof is to sanction these empirical
discoveries. In the majority of textbooks at high school and university, the purpose of proof in
mathematics is still presented almost exclusively as that of verification; i.e. only as a means of
obtaining certainty and to eliminate doubt. Quite often the approach followed is to allow students
to experimentally discover the results, and then to try and cast a little doubt on the process of
experimentation as a general means of validation. Proof is then presented as a means of “making
absolutely sure”.
However, proving is not just about making sure. Particularly, given the very high level of
conviction one can nowadays obtain through many different computer programs, proof may
instead serve the purpose of a logical explanation of why a certain result is true (see De Villiers,
2003). Moreover, since a proof often provides valuable insight into why a result is true, it often
immediately enables one to generalise or vary the result in different ways. Usually this happens
during the “looking back” or “reflective” stage of Polya’s famous model of problem solving
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(Polya 1945), and illustrates what I have called a “discovery” function of proof that is seldom
emphasised in textbooks or teaching.
The purpose of this article is to give one example of a recent problem I worked on that illustrates
this “discovery” function very well. The example should be well within reach of talented high
school or under-graduate students, and can also be a good training problem for a Mathematics
Olympiad. Other examples of this “discovery” function are given in De Villiers (1997 & 2003).
Sketchpad 4 sketches in zipped format (Winzip) of the problem and its generalisation can be
downloaded directly from: http://mysite.mweb.co.za/residents/profmd/hexcentroids.zip

2. The Problem
I was recently exploring some properties of hexagons with opposite sides parallel with the aid of
Sketchpad and discovered the following interesting result:
If ABCDEF is a hexagon with opposite sides parallel (not necessarily equal), then the respective
centroids G, H, I, J, K and L of triangles ABC, BCD, CDE, DEF, EFA and FAB, form a hexagon
with opposite sides both equal and parallel (see Figure 1).

Figure 1

2.1. Proof
A problem like this may at first glance look quite challenging. Where does one start? However, a
useful problem solving strategy is to find a way of relating or reducing the problem to results that
are well known. One way of doing this is to start making some constructions by adding points
and lines. Though this is no guarantee, and one may have to spend a little time experimenting, it
allows one to get a better grip on the problem.
In this case, by drawing the diagonal BE, midpoints N and M respectively of AF and CD,
and the medians BN, BM, EN and EM, a proof immediately pops out. For example, since L and K
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1
1
NB and NK = NE . From a well known high school theorem, it
3
3
1
therefore follows in triangle NBE that LK // BE and LK = BE . Similarly, it follows that HI //
3
1
BE and HI = BE . Thus, LK is equal and parallel to HI. In the same way, the two other pairs of
3
opposite sides of GHIJKL can be shown to be equal and parallel, and completes the proof.
are centroids, we have NL =

2.2. Looking back
Looking back over this proof, one can immediately see that nowhere is the result dependent on
ABCDEF having opposite sides parallel. Thus, the result immediately generalises to ANY
hexagon, i.e. the centroids of ANY hexagon form a hexagon with opposite sides equal and
parallel!

2.3. Comment
Unfortunately the typical textbook or classroom teacher or lecturer is likely to just present the
final hexagon generalisation and its proof above, thus missing an excellent pedagogical
opportunity for teaching learners or students not only the value of “looking back”, but also that
proof has a very useful “discovery” function.

3. Further generalization
It seems natural to ask: Can the result perhaps be generalised further to perhaps other even sided
polygons, for example, octagons, decagons, etc.?
Maybe just on the basis of intuition, one will perhaps try looking and testing with dynamic
geometry software whether the centroids of triangles, ABC, BCD, etc. of an octagon
ABCDEFGH also form an octagon with opposite sides parallel and equal. And perhaps at this
point, readers should pause and first try it for themselves?
Unfortunately it does not work, as the reader would’ve found out by checking. So is it just a case
of a result that just works for hexagons, or is there more to it?
Not on the basis of first experimenting, but on the basis of my knowledge of a related theorem
and its proof (theorem given further down), I immediately anticipated that the hexagon result
should further generalise to an octagon ABCDEFGH where the centroids of the 8 quadrilaterals
ABCD, BCDE, CDEF, etc. form an octagon with opposite sides equal and parallel (see Figure 2).
So this is a far more advanced example of the “discovery” function of a proof where one
anticipates a result on the basis of related results and proof techniques, but another example
nonetheless!
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In fact, the result holds generally for a 2n-gon, A1 A2 A3 ...A2n (n ≥ 2), that the centroids of the ngons, A1 A2 A3 ...An , A2 A3 A4 ...An+1 , etc. sub-dividing it, form a 2n-gon with opposite sides equal
and parallel. (Note that in the trivial case of a quadrilateral, the centroids of the n-gon become
the centroids of the sides, and we obtain the Varignon parallelogram. So this result is really a
generalisation of the Varignon parallelogram result).

Figure 2

3.1. Proof
The general result depends on the following general theorem referred to above, and given and
proved in De Villiers (1999) as well as Yaglom (1968): “Given a n-gon A1 A2 A3 ...An (n > 3)…,
then the centroids of the (n-1)-gons, A1 A2 A3 ...An −1 , A2 A3 A4 ...An , etc. that subdivide it, form a n1
, while the centre of similarity is the
gon similar to the original n-gon with a scale factor of
n −1
centroid of the original n-gon.”
For example, for the given octagon in Figure 2, draw diagonal CG. Then from the above
theorem CJ = 3JQ because J is the centroid of quadrilateral ABCH and Q is the centroid of
1
1
triangle ABH. Similarly, GI = 3IQ. Thus, JI // = CG. Similarly, MN //= CG. Thus, JI //= MN.
3
3
In the same way, the other pairs of opposite sides can be shown to be parallel and equal. It is also
obvious that in exactly the same way using the above-mentioned theorem, the result can be
proved for a decagon, duodecagon, etc.
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3.2. Corollary
Due to the half-turn symmetry of the “inner” 2n-gons formed by the centroids, it also
immediately follows that the diagonals connecting opposite vertices are concurrent at the
centroid of the original 2n-gon.
Though this hexagon result and its generalisation are probably not original, I’ve not yet seen
them in the literature available to me. However, I believe this interesting result can be used in
much the same way as presented here to give students some appreciation for the discovery
function of proof.
More generally, this example shows that mathematics is not just discovered via experimentation
(or just deduction for that matter), but often involves a symbiotic interaction between the two
processes as argued in De Villiers (2004). For example, sometimes experimentation leads to new
results, but proving them can sometimes lead to further avenues of research and discoveries.
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Abstract
We present a novel decomposition method to decompose an eighth-degree polynomial equation, into its two
constituent fourth-degree polynomials, as factors, leading to its solution. The salient feature of the octic equation
solved here is that, the sum of its four roots being equal to the sum of the remaining four roots. We derive the
condition to be satisfied by coefficients so that the given octic is solvable by the proposed method.
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1. Introduction
It is well known from the works of Ruffini, Abel and Galois that the general polynomial
equations of degree higher than the fourth cannot be solved in radicals [1 – 4]. This does not
mean that there is no algebraic solution to these equations. The algebraic solutions to the general
quintic have been obtained with symbolic coefficients. Hermite solved the Bring-Jerrard quintic
using elliptic functions, and Klein gave a solution to the principal quintic using hypergeometric
functions [5, 6]. The general sextic can be solved in terms of Kampe de Feriet functions, and a
restricted class of sextics can be solved in terms generalized hypergeometric functions in one
variable, using Klein’s approach to solving the quintic equation [7]. There is not much literature
on the solution to polynomial equations beyond sixth-degree, except in the form of numerical
methods. We hope this paper will fill this gap to some extent.
In this paper we present a novel technique of decomposing a solvable octic equation into
constituent fourth-degree polynomial factors, thereby facilitating the determination of all of its
roots. The salient feature of the octic solved here is that, the sum of its four roots is equal to the
sum of its remaining four roots. The condition required to be satisfied by the coefficients, in
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order that the given octic is solvable in radicals with the proposed technique, is derived. At the
end of the paper we solve some numerical examples illustrating the applicability of this method.

2. Formulation of equations for solving the octic equation:
Let the octic equation for which the solution is sought be:

x8 + a7x7 + a6x6 + a5x5 + a4x4 + a3x3 + a2x2 + a1x + a0 = 0

(1)

where a0, a1, a2, a3, a4, a5, a6, and a7 are the real coefficients. In the method proposed here, we
attempt to represent the octic (1), in the form as shown below.
[(x4 + b3x3 + b2x2 + b1x + b0)2 – p2(x4 + c3x3 + c2x2 + c1x + c0)2 ]/(1 – p2) = 0

(2)

where b0, b1, b2, b3, and c0, c1, c2, c3 are the unknown coefficients of the respective fourth-degree
polynomials in the above equation. The parameter, p, is also an unknown to be determined. The
merit of representing the octic (1) in the form of (2) is obvious: notice that (2) can be easily
factorized as:
{[(x4 + b3x3 + b2x2 + b1x + b0) – p(x4 + c3x3 + c2x2 + c1x + c0)]/(1 – p)}
{[(x4 + b3x3 + b2x2 + b1x + b0) + p(x4 + c3x3 + c2x2 + c1x + c0)]/(1 + p)} = 0

(3)

When each factorial term is equated to zero, we obtain the following two fourth-degree
polynomial equations.
[(x4 + b3x3 + b2x2 + b1x + b0) – p(x4 + c3x3 + c2x2 + c1x + c0)]/(1 – p) = 0

(4)

[(x4 + b3x3 + b2x2 + b1x + b0) + p(x4 + c3x3 + c2x2 + c1x + c0)]/(1 + p) = 0

(5)

The solution to the above quartic equations can be obtained easily by the Ferrari’s method. The
roots of the quartic equations, (4) and (5), will be the roots of the given octic (1), when it gets
represented in the form of octic (2). To achieve this the coefficients of octic (1) should be same
as that of octic (2). However notice that the coefficients of octic (2) are not explicitly written.
Therefore we expand and rearrange (2) in descending powers of x as shown below in order to
expose the coefficients for comparison.
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x8 + [2(b3 – c3p2)/(1 – p2)]x7 + {[(b32 + 2b2) – (c32 + 2c2)p2]/(1 – p2)}x6
+ {2[(b1 + b2b3) – (c1 + c2c3)p2]/(1 – p2)}x5
+ {[(b22 + 2b0 + 2b1b3) – (c22 + 2c0 + 2c1c3)p2]/(1 – p2)}x4
+ {2[(b0b3 + b1b2) – (c0c3 + c1c2)p2]/(1 – p2)}x3 + {[(b12 + 2b0b2) – (c12 + 2c0c2)p2]/(1 – p2)}x2
+ [2(b0b1 – c0c1p2)/(1 – p2)]x + [(b02 – c02p2)/(1 – p2)] = 0

(6)

Equating the coefficients of (1) and (6), we obtain the following eight equations as given below.
[2(b3 – c3p2)/(1 – p2)] = a7

(7)

{[(b32 + 2b2) – (c32 + 2c2)p2]/(1 – p2)} = a6

(8)

{2[(b1 + b2b3) – (c1 + c2c3)p2]/(1 – p2)} = a5

(9)

{[(b22 + 2b0 + 2b1b3) – (c22 + 2c0 + 2c1c3)p2]/(1 – p2)} = a4

(10)

{2[(b0b3 + b1b2) – (c0c3 + c1c2)p2]/(1 – p2)} = a3

(11)

{[(b12 + 2b0b2) – (c12 + 2c0c2)p2]/(1 – p2)} = a2

(12)

[2(b0b1 – c0c1p2)/(1 – p2)] = a1

(13)

[(b02 – c02p2)/(1 – p2)] = a0

(14)

There are nine unknowns (b0, b1, b2, b3, c0, c1, c2, c3, and p), but only eight equations [(7) to (14)]
to solve. Therefore one more equation has to be introduced so that all the nine unknowns can be
determined. However introducing an equation (involving the unknowns) imposes certain
condition on the roots (and hence the coefficients) of the octic equation (1). The equation chosen
will dictate the type of solvable octic. The equation, we are introducing here is as follows:
b3 = a7/2

(15)

As we notice from our further analysis given in this paper, the above equation leads to a solvable
octic in which the sum of its four roots is equal to the sum of its remaining four roots. Observe
that the equation as given by (15) is not the only equation (or condition) to be introduced to solve
the octic by this method. There are several ways of choosing the equation, like b2 = c2, or b1 = c1,
or, b0 = c0, etc. However the equation introduced will decide the type of solvable octic.
Substituting the value of b3 [using (15)] in equation (7), c3 is evaluated as:
c3 = a7/2

(16)
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The values of b3 and c3 are substituted in equations, (8) to (11), resulting in expressions, (8A) to
(11A), respectively, as given below.
b2 = c2p2 + F2(1 – p2)

(8A)

where F2 is given by:
F2 = (4a6 – a72)/8
b1 = c1p2 + (a5/2)(1 – p2) – (a7/2)(b2 – c2p2)

(9A)

b0 = c0p2 + (a4/2)(1 – p2) – [(b22 – c22p2)/2] – (a7/2)(b1 – c1p2)

(10A)

b0 = c0p2 + (a3/a7)(1 – p2) – (2/a7)(b1b2 – c1c2p2)

(11A)

Now we have seven equations, (8A), (9A), (10A), (11A), (12), (13), and (14), with seven
unknowns, b0, b1, b2, c0, c1, c2 and p, to be determined from them. We attempt to determine these
unknowns through the process of elimination. Using the expression (8A), we eliminate b2 from
the equations, (9A), (10A), (11A), and (12), resulting in the following expressions, (9B), (10B),
(11B), and (12A), respectively.
b1 = c1p2 + F1(1 – p2)

(9B)

where F1 is:
F1 = (a5 – a7F2)/2
b0 = c0p2 – (a7/2)(b1 – c1p2) + [a4 – F22 + (c2 – F2)2p2][(1 – p2)/2]

(10B)

b0 = c0p2 + (a3/a7)(1 – p2) – (2/a7){[c2p2 + F2(1 – p2)]b1 – c1c2p2}

(11B)

b12 + 2b0[c2p2 + F2(1 – p2)] – (c12 + 2c0c2)p2 = a2(1 – p2)

(12A)

Using (9B) we now eliminate b1 from equations (10B), (11B), (12A), and (13), resulting in
expressions (10C), (11C), (12B), and (13A) respectively as shown below.
b0 = c0p2 + F0(1 – p2) + [(c2 – F2)2 (1 – p2) p2/2]
where F0 is given by:
F0 = (a4 – a7F1 – F22)/2, and

(10C)
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b0 = c0p2 + [(a3 – 2F1F2)/a7](1 – p2) + (2/a7)(1 – p2)(c1 – F1)(c2 – F2)p2

(11C)

2b0(c2 – F2)p2 + 2F2b0 – 2c0c2p2 = [a2 – F12 + (c1 – F1)2p2](1 – p2)

(12B)

b0(c1 – F1)p2 + F1b0 – c0c1p2 = (a1/2)(1 – p2)

(13A)

We are left with five equations, (10C), (11C), (12B), (13A), and (14), involving five unknowns
namely b0, c0, c1, c2, and p. Using (10C) we eliminate b0 from equations (11C), (12B), (13A),
and (14), resulting in the expressions, (11D), (12C), (13B), and (14A) as shown below.
{p2[(a7/4)(c2 – F2)2 – (c2 – F2)(c1 – F1)] – F3}(1 – p2) = 0

(11D)

where F3 is given by:
F3 = (a3 – a7F0 – 2F1F2)/2.
{p2[p2(c2 – F2)3 + F2(c2 – F2)2 – 2(c2 – F2)(c0 – F0) – (c1 – F1)2] – F4}(1 – p2) = 0

(12C)

where F4 is given by:
F4 = (a2 – F12 – 2F0F2)
{(c1 – F1)[p4(c2 – F2)2 – 2p2(c0 – F0)] + p2F1(c2 – F2)2 – 2F5}(1 – p2) = 0

(13B)

Where F5 is defined as:
F5 = (a1 – 2F0F1)/2
[p2(c0 – F0)2 – p4(c0 – F0)(c2 – F2)2 – p2F0(c2 – F2)2 – (p4/4)(1 – p2)(c2 – F2)4 + F6](1 – p2) = 0
(14A)
where F6 is given by:
F6 = a0 – F02
We observe that the term (1 – p2) emerges as a factor in the above equations [(11D), (12C),
(13B), and (14A)]. However we cannot equate (1 – p2) to zero, since this term appears in the
denominator in equation (2), and subsequently in many equations also. Therefore factoring out
this term from the equations, (11D), (12C), (13B), and (14A), we obtain following expressions
respectively.
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p2[(a7/4)(c2 – F2)2 – (c2 – F2)(c1 – F1)] – F3 = 0

(15)

p2[p2(c2 – F2)3 + F2(c2 – F2)2 – 2(c2 – F2)(c0 – F0) – (c1 – F1)2] – F4 = 0

(16)

(c1 – F1)[p4(c2 – F2)2 – 2p2(c0 – F0)] + p2F1(c2 – F2)2 – 2F5 = 0

(17)

p2(c0 – F0)2 – p4(c0 – F0)(c2 – F2)2 – p2F0(c2 – F2)2 – (p4/4)(1 – p2)(c2 – F2)4 + F6 = 0

(18)

At this stage we have four equations [(15), (16), (17), and (18)] involving four unknowns, c0, c1,
c2, and p. Continuing the process of elimination, we now eliminate (c1 – F1) from equations, (16)
and (17), using equation (15). The equations, (16) and (17), get transformed into equations,
(16A) and (17A), respectively as shown below.
2p4(c0 – F0)(c2 – F2)3 = p6(c2 – F2)5 + p4F7 (c2 – F2)4 + p2F8(c2 – F2)2 – F32

(16A)

where F7 and F8 are given by:
F7 = (16F2 – a72)/16,
F8 = (a7F3 – 2F4)/2.
[8F3 – 2a7p2(c2 – F2)2](c0 – F0)
= 8F5(c2 – F2) + 4p2F3(c2 – F2)2 – 4p2F1(c2 – F2)3 – p4a7(c2 – F2)4

(17A)

Now there are three equations [(16A), (17A), and (18)] containing three unknowns, c0, c2, and p.
Using equation (17A), we eliminate (c0 – F0) from equations, (16A) and (18), to obtain the
equations, (16B) and (18A), respectively as given below.
p6(c2 – F2)6 + F9p4(c2 – F2)4 + F10p2(c2 – F2)2 + F11 = 0

(16B)

Where F9, F10, and F11 are given by:
F9 = (a7F8 + 8F5 – 4F3F7)/(a7F7 – 4F1)
F10 = – [(a7F32 + 4F3F8)/(a7F7 – 4F1)]
F11 = 4F33/(a7F7 – 4F1)
p8(c2 – F2)8 + F12 p6(c2 – F2)6 + F13 p4(c2 – F2)4 + F14 p2(c2 – F2)2 + F15 = 0

(18A)
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where F12, F13, F14, and F15 are given by:
F12 = (4a72F0 – 16F12 – 8a7F3)/a72
F13 = (16F32 + 64F1F5 – 4a72F6 – 32a7F0F3)/a72
F14 = (32a7F3F6 + 64F0F32 – 64F52)/a72
F15 = – 64F32F6/a72
We are left with two equations, (16B) and (18A), involving two unknowns, c2 and p. However
since these unknowns (c2 and p) occur only as a inseparable product term [p(c2 – F2)] in both the
equations [(16B) and (18A)], it will not be possible to determine them separately. This situation
can be illustrated more clearly by observing the following simple example.
Let us attempt to determine the two variables, u and v, from the following two equations.
uv + k = 0,
u2v2 + muv + n = 0
where k, m, and n are coefficients in the above equations. Notice that the variables, u and v,
occur as an inseparable product, uv, in these equations. By substituting the value of uv from the
first equation in the second equation, we obtain following expression.
k2 – mk + n = 0
Thus instead of getting values for u and v from the above two equations, what resulted is a
relation among the coefficients. In a later section of the paper we use this technique to derive the
condition to be satisfied by the coefficients of the given octic equation (1), so that the octic is
solvable through the proposed method.
The above example illustrates that, we cannot determine c2 and p from equations, (16B) and
(18A), instead we can get an expression relating the coefficients (of the given octic) from these
equations. Since we are left with no further equation, determining c2 and p (separately) appears
to be an impossible task. In the next section, we describe a technique by which the unknowns, c2
and p, are successfully evaluated.
At present let us observe the equations (16B) and (18A) more closely. The equation (16B) is a
sixth-degree polynomial equation in p(c2 – F2), while equation (18A) is a eighth-degree
polynomial equation in p(c2 – F2). However since both of these equations contain only even
powers of p(c2 – F2), the degrees of these equations can be reduced to half by the following
variable transformation.
g = p2(c2 – F2)2

(19)
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Thus the equations (16B) and (18A) are transformed into cubic and quartic equations
respectively as shown below.
g3 + F9g2 + F10g + F11 = 0

(20)

g4 + F12g3 + F13g2 + F14g + F15 = 0

(21)

The cubic equation (20) yields three roots of g, while the quartic equation (21) provides four
roots of g. The root, which is common to both the equations, (20) and (21), is the desired value
of g, we are looking for. In the next paragraph, we describe a method to extract this common
root.
The equations, (20) and (21), are rewritten as follows for our convenience.
g3 = – (F9g2 + F10g + F11)

(20A)

(g + F12)g3 = – (F13g2 + F14g + F15)

(21A)

Using (20A), we substitute the value of g3 in (21A) to obtain following expression.
F9g3 + (F10 + F9F12 – F13)g2 + (F11 + F10F12 – F14)g + F11F12 – F15 = 0

(21B)

Again using (20A), g3 is eliminated from (21B), resulting in the following quadratic equation.
(F10 + F9F12 – F13 – F92)g2 + (F11 + F10F12 – F14 – F9F10)g + F11F12 – F15 – F9F11 = 0

(21C)

For the sake of convenience, the above quadratic is rearranged as follows.
g2 + h1g + h0 = 0

(21D)

where h0 and h1 are given by:
h0 = (F11F12 – F15 – F9F11)/(F10 + F9F12 – F13 – F92)
h1 = (F11 + F10F12 – F14 – F9F10)/(F10 + F9F12 – F13 – F92)
Using (21D), the value of g2 is substituted in the cubic equation (20A), to obtain the following
quadratic equation.
h1g2 + (h0 + F9h1 – F10)g + F9h0 – F11 = 0

(20B)
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Again using (21D), we eliminate g2 from (20B) to obtain a linear equation in g as follows.
(h0 + F9h1 – F10 – h12)g + F9h0 – F11 – h0h1 = 0
From the above linear equation the common root of g is found out as:
g = h2/h3

(20C)

where h2 and h3 are given by:
h2 = h0h1 + F11 – F9h0
h3 = h0 + F9h1 – F10 – h12
Once g is determined, the product, p(c2 – F2), can be evaluated from (19). However to determine
c2 and p separately in the absence of any further equation requires some novel technique, which
will be presented in the next section.

3. A discussion on the value of p2
From equations (11D), (12C), (13B), and (14A), we notice that the term (1 – p2) emerges as a
factor in these equations. However we were constrained not to equate p2 to unity, as it amounts
to division by zero in equation (2). Instead let us examine the consequences, when p2 approaches
unity, but will not attain unity value. In other words we are applying the limiting process and
evaluating the expressions (that contain p), when p2 tends to unity. Thus as a first step, let us
evaluate c2 in the limit as p2 tends to unity, by rearranging the expression (19) and applying the
limit as shown below.
c2 = lim
[F2 ± (g/p2)1/2 ]
2
p →1

(22)

Simplifying (22) results in two values of c2 as:
c21 = F2 + (g)1/2
c22 = F2 – (g)1/2

(23)

Consider the expression (15). After rearranging (15) and substituting for (c2 – F2) by utilizing
(19), we apply the limit as p2 tends to unity to determine c1, as shown below:
{F1 + (a7/4p)[± (g)1/2] – (F3/p)[ ±1/(g)1/2]}
c1 = lim
2
p →1
After simplifying, the above expression yields two values of c1 (corresponding to two values of
c2 respectively) as:
c11 = F1 + {(a7/4)(g)1/2 – [F3/(g)1/2]}
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c12 = F1 – {(a7/4)(g)1/2 – [F3/(g)1/2]}

(24)

In the same manner, the expression (17A) is rearranged and the term, (c2 – F2), is eliminated
using (19), and then limit as p2 approaches unity, is applied as shown below, to facilitate
evaluation of c0.
c0 = lim
{F0 + [(4F3g – a7g2)/(8F3 – 2a7g)] + [(± )(8F5 – 4F1g)(g)1/2]/[p(8F3 – 2a7g)]}
p2 → 1
Simplifying the above expression, we obtain two values for c0 (corresponding to two values of c2
respectively) as:
c01 = F0 + (g/2) + [(8F5 – 4F1g)/(8F3 – 2a7g)](g)1/2
c02 = F0 + (g/2) – [(8F5 – 4F1g)/(8F3 – 2a7g)](g)1/2

(25)

In the same fashion, we determine b0, b1, and b2, by applying the limit to the expressions (10C),
(9B), and (8A) respectively. The values of b0, b1, and b2 are obtained as shown below.
b0 = c0
b1 = c1
b2 = c2

(26)

We have determined all the unknowns in the octic (2), which means we are able to successfully
represent the given octic (1) in the form of (2). Using the results of (26), along with the earlier
determined values of b3 and c3, the octic (2) gets converted into an interesting octic as shown
below.
[x4 + (a7/2)x3 + c2x2 + c1x + c0]2 = 0
(27)
Looking at the above equation (27) emerged after evaluation of all unknowns, one may feel little
disappointed thinking that, what resulted after all the exhaustive mathematics, is a tame octic
equation with repeated roots. However it is not the complete story, as the next section reveals
that, the octics with distinct roots also can be solved using this approach.

4. Decomposition of the octic equation:
Since c0, c1, and c2 have two values each, equation (27) yields two distinct quartic polynomials
as factors of octic equation (2) as shown below.
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[x4 + (a7/2)x3 + c21x2 + c11x + c01][x4 + (a7/2)x3 + c22x2 + c12x + c02] = 0

(28)

Equation (28) proves that, we have arrived at the solution to the given octic equation (1), by
decomposing it into a pair of quartic polynomials as its factors. When each of the quartic
factorial term in the above equation is equated to zero, we obtain two quartic equations as shown
below.
x4 + (a7/2)x3 + c21x2 + c11x + c01 = 0
x4 + (a7/2)x3 + c22x2 + c12x + c02 = 0

(29)

These quartics can be solved by the well-known Ferrari’s method to obtain four roots each, and
eight roots in total, which are the required roots of the given octic equation (1). In the coming
sections we shall study the behavior of the roots, and the condition to be satisfied by the
coefficients.

5. Behavior of the roots
Let x1, x2, x3, and x4 be the roots of first quartic equation, and x5, x6, x7, and x8 be roots of second
quartic equation in the equation set (29). Notice that the coefficients of x3 in these quartics are
equal, which means that the sum of the roots of first quartic is equal to that of second quartic, as
shown below.
x1 + x2 + x3 + x4 = x5 + x6 + x7 + x8

(30)

Individually each sum (of four roots) is given by:
x1 + x2 + x3 + x4 = – (a7/2)
x5 + x6 + x7 + x8 = – (a7/2)

(31)

From (30) we note that, the given octic equation is solvable by this method if the sum of one
group of its four roots is equal to the sum of its remaining four roots. From (31) we observe that
the sum of the four roots in each group (and hence in each quartic equation) is a real number.
Since equation (30) relates the roots of the given octic equation (1), we note that one of the roots
can be expressed in terms of remaining seven roots, and hence this root is not independent. If we
denote x8 as a dependent root, then it is expressed in terms of other independent roots as:
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x8 = x1 + x2 + x3 + x4 – (x5 + x6 + x7)
Since the roots of the given octic are related, the coefficients also have to be related, and in the
next section we shall derive the condition to be satisfied by the coefficients.

6. Condition for the coefficients
From the expression (20C) we note that the parameter, g, is evaluated in terms of parameters, F9,
F10, F11, h0, and h1. Again note that h0 is a function of F9, F10, F11, F12, F13, and F15, whereas h1 is
a function of F9, F10, F11, F12, F13, and F14. Thus eventually g will be a function of F9, F10, F11,
F12, F13, F14, and F15, which are functions of the coefficients of octic (1). Hence g is ultimately a
function of coefficients, a0, a1, a2, a3, a4, a5, a6, and a7. Using equation (20C) we substitute the
value of g in the quadratic equation (21D) to obtain the following expression.
(F9h0 – F11 – h0h1)2 + h1(F9h0 – F11 – h0h1)(h12 – F9h1 – h0 + F10)
+ h0(h12 – F9h1 – h0 + F10)2 = 0

(32)

The expression (32) provides a relation among the coefficients, a0, a1, a2, a3, a4, a5, a6, and a7.
These coefficients have to satisfy the condition (32) in order that the given octic is solvable in
this fashion. In the following numerical examples we find out the roots of the solvable octic,
whose coefficients satisfy the condition (32).

7. Numerical examples
Following numerical examples enhance our understanding of the proposed method. Consider the
octic equation shown below.
x8 + 2x7 – 25.1475x6 – 62.86875x5 + 51.94875x4 + 95.47125x3 – 78.72625x2
+ 17.3725x – 1.05 = 0
The coefficients of above octic have been obtained from the roots, which satisfy the relation
(30). Using the expressions (15) and (16), the values of b3 and c3 obtained are: b3 = 1, c3 = 1. The
parameters, F0 to F15, are determined as shown below, from the corresponding expressions
derived in section 2.
F0 = – 41.12646255474101, F1 = – 18.36062622070313, F2 = – 13.07374954223633,
F3 = – 151.1801398726457, F4 = – 1491.192986908885, F5 = – 746.4213570143718,
F6 = – 1692.435922218831, F7 = – 13.32374954223633, F8 = 1340.012847036239,
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F9 = – 242.5149916348265, F10 = 16339.83020529136, F11 = – 295355.2632059779,
F12 = – 908.2356715938659, F13 = 217987.6293012944, F14 = – 19859925.14863872,
F15 = 618901739.0483127.

Next, the parameters, h0, h1, h2, and h3, are determined from the corresponding expressions given
in section 2 as shown below.
h0 = 10504.27396520806, h1 = – 216.0867489139377
h2 = – 17745.7612467463, h3 = – 124.7631910180035

The parameter, g, is found out from (20C) as:
g = 142.2355512226805

From this value of g the coefficients of constituent quartic equations given in (29) are determined
as shown below.
c21 = – 1.147495, and, c22 = – 25,
c11 = 0.2787476, and, c12 = – 37,
c01 = – 0.01749611, and, c02 = 60.

The quartic equations formed with these coefficients are:
x4 + x3 – 1.147495x2 + 0.2787476x – 0.01749611 = 0
x4 + x3 – 25x2 – 37x + 60 = 0
Solving the above quartic equations by Ferrari’s method, all the eight roots of the octic equation
are found out as: 0.1, 0.25, 0.4, – 1.75 (for the first quartic), and, 1, – 3, – 4, 5 (for the second
quartic).
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Let us solve another octic equation shown below.
x8 + 2x7 – 11.875x6 – 12.5625x5 + 45.66016x4 + 14.58203x3 – 53.34473x2
+ 1.620117x + 12.91992 = 0
As in the previous example, the coefficients of above octic have been obtained from the roots,
which satisfy the relation (30). Using the expressions (15) and (16), the values of b3 and c3
obtained are: b3 = 1, c3 = 1. The parameters, F0 to F15, are determined as shown below, from the
corresponding expressions derived in section 2.
F0 = 1.953125, F1 = 0.15625, F2 = – 6.4375, F3 = 6.34375, F4 = – 28.22265625,
F5 = 0.5048828125, F6 = 9.105224609375, F7 = – 6.6875, F8 = 34.56640625,
F9 = – 17.34765625, F10 = 68.400634765625, F11 = – 72.94073486328125,
F12 = – 17.66015625, F13 = – 72.42822265625, F14 = 2177.700668334961,
F15 = – 5862.76876449585.
Next, the parameters, h0, h1, h2, and h3, are determined from the corresponding expressions as
shown below.
h0 = 40.2431640625, h1 = – 15.53515625, h2 = 0, and h3 = 0.
Notice from (20C) that g becomes indeterminate since h2 = 0, and h3 = 0. This indicates there are
more (than one) common roots between the cubic equation (20) and the quartic equation (21).
Therefore we evaluate g from the quadratic equation (21D). The roots (g1, g2) of quadratic
equation, (21D), are the common roots between (20) and (21), and are given by:
g1 = 3.28515618609, g2 = 12.25.
More common roots indicate that there are as many ways to group the eight roots, which satisfy
the condition (30). Let us choose one of the two common roots, g = 12.25, and then proceed to
determine the coefficients, c01, c11, c21, and c02, c12, c22, of quartic equations given in (29). These
coefficients are found out as:
c21 = – 2.9375, and, c22 = – 9.9375.
c11 = 0.09375, and, c12 = 0.21875,
c01 = 0.84375, and, c02 = 15.3125.
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The two quartic equations formed with these coefficients are as shown below.
x4 + x3 – 2.9375x2 + 0.09375x + 0.84375 = 0
x4 + x3 – 9.9375x2 + 0.21875x + 15.3125 = 0
Solving the above quartics by Ferrari’s method, we obtain their roots as: 0.75, 1, – 0.5, – 2.25 for
the first quartic; and 1.75, 2, – 1.25, – 3.5 for the second quartic.
If we choose the other common root, g = 3.28515618609, then the two quartic equations formed
are as shown below.
x4 + x3 – 8.25x2 + 2.75x + 3.5 = 0
x4 + x3 – 4.625x2 – 2.4375x + 3.691405 = 0
The roots of the first quartic are: 1, 2, – 0.5, and, – 3.5, and the roots of second quartic are: 0.75,
1.75, – 1.25, and, – 2.25. Note that these roots are same as that obtained earlier (with g = 12.25).
Let us solve one more octic equation, whose roots are complex. Consider the following octic:
x8 – 10x7 + 53x6 – 166x5 + 389x4 – 790x3 + 1787x2 – 2314x + 1690 = 0
Again the coefficients in the above equation are determined from the roots, which satisfy the
condition (30). Using the expressions (15) and (16), b3 and c3 are obtained as: b3 = – 5, c3 = – 5.
The parameters, F0 to F15, are determined as shown below, from the corresponding expressions
derived in section 2.
F0 = 31.5, F1 = – 13, F2 = 14, F3 = – 55.5, F4 = 736, F5 = – 747.5, F6 = 697.75, F7 = 7.75,
F8 = – 458.5, F9 = – 12.76470588235294, F10 = 2783.705882352941,
F11 = 26816.29411764706, F12 = 54.56, F13 = – 1673.36, F14 = – 171585.76,
F15 = – 1375516.44.
Next, the parameters, h0, h1, h2, and h3, are determined from the corresponding expressions as
shown below.
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h0 = 884.1560157086755, h1 = 107.2395573009639
h2 = 132918.7853218638, h3 = – 14768.75392465153.

Using (20C) the value of g is found out as: g = – 9. Since the value of g is negative, the
coefficients of the quartic equations shown in (29) are complex; as can be seen from the
expressions (23), (24), and (25). Thus the coefficients, [c21, c22], [c11, c12], and, [c01, c02], are
evaluated from (23), (24), and, (25), as given below.
c21 = 14 + 3i, and c22 = 14 – 3i,
c11 = – 13 – 26i, and, c12 = – 13 + 26i,
c01 = 27 + 31i, and c02 = 27 – 31i.
The quartic equations formed with the above coefficients are:
x4 – 5x3 + (14 + 3i)x2 – (13 + 26i)x + 27 + 31i = 0
x4 – 5x3 + (14 – 3i)x2 – (13 – 26i)x + 27 – 31i = 0
Above quartic equations are solved to obtain the eight roots of the given octic equation. The
roots are found out as:
(1 – 1i), (2 – 3i), (3 + 2i), (– 1 + 2i), for the first quartic; (1 + 1i), (2 + 3i), (3 – 2i), (– 1 – 2i), for
the second quartic.
The numerical calculations in these examples are performed using BASICA software in double
precision mode.

8. Conclusions
A novel polynomial decomposition technique is presented, to solve certain solvable octic
equations. The criteria for the roots and the coefficients to satisfy, in order that the octic is
solvable by the method given, are derived. Some numerical examples are solved using the
proposed method.
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Mathematics Education and Neurosciences:
Relating Spatial Structures
to the Development of Spatial Sense and Number Sense
Fenna van Nes1 & Jan de Lange
Freudenthal Institute for Science and Mathematics Education, The Netherlands

Abstract
The Mathematics Education and Neurosciences (MENS) project is aimed at exploring the development of the
mathematical abilities of young (four- to six-year old) children. It is initiated to integrate research from
mathematics education with research from educational neuroscience in order to come to a better understanding of
how the early skills of young children can best be fostered for supporting the development of mathematical abilities
in an educational setting. This paper is specifically focused on the design research that is being conducted from the
perspective of mathematics education in which we are investigating the relationship between young children’s
insight into spatial structures and the development of spatial and number sense. This should result in a series of
classroom activities that may stimulate children’s development of spatial and number skills.

Keywords: young children, spatial thinking, design research

1. Introduction: The Project in Context
It may come as no surprise that several publications support the point that we, the educational
researchers, have been failing to properly value the cognitive capacities of young (three- to sixyear old) children. A report from the National Research Council (NRC, 2005) concluded that
early childhood education, in both formal and informal settings, may not be
helping all children maximize their cognitive capacities.
It is also clear that there is an increasingly critical attitude towards some of Piaget’s work. The
aforementioned report concludes that ‘modern research describes unexpected competencies in
young children and calls into action models of development based on Piaget, which suggested
1
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that children were unable to carry out sophisticated complex tasks, such as perspective taking’
(NRC, 2005). Remarkably, scientists from a different discipline, the education neurosciences,
have come to similar conclusions in a report on Numeracy and Literacy of young children
(OECD, 2003).
The learning of young children is so intriguing, that it has engaged many different scientific
disciplines. What is surprising, then, is that the brain scientists see no references in the
educational research literature about the developments they see to be relevant and vice versa.
Yet, the tide is changing. The OECD report ‘Understanding the Brain. Towards a New Learning
Science’ (OECD, 2002) suggests trans-disciplinary research to be the way forward. This must
bridge the brain sciences (called the ‘hard sciences’ by brain scientists) and (‘more practical’)
educational research (Jolles et al., 2006).
Reflecting on these issues, a program called TalentPower (TalentenKracht) was initiated by van
Benthem, Dijkgraaf and de Lange. Several universities and institutions in The Netherlands
collaborate in this program to gain a better understanding of what talents, possibilities and
qualities young children exhibit as they are engaged in scientific activities, how these talents and
qualities may be enhanced, how they may be intertwined, and in what ways they may be
connected to language development. Hence the goal of the project is to bring together scientists
from various research perspectives, as well as parents and teachers in order to chart the talents of
young children and to scientifically fundament how these talents may be used and developed in
an optimal way (van Benthem, Dijkgraaf & de Lange, 2005).
As such, apart from the fundamental goal to investigate the possibilities of fostering young
children’s natural curiosity, an important goal in the methodology of TalentPower is the ‘transdisciplinary’ approach. Given the abundance of research in the field of mathematics education,
the project was designed to try to bridge the gap between the sciences of ‘mathematics
education’ and ‘educational neurosciences’. This is how the Mathematics Education and
Neurosciences (MENS) project came into being.
The significance of the collaboration between the sciences lies in the grounding of research from
the field of mathematics education in cognitive and neuroscientific theory while at the same time
providing the research from the field of cognitive psychology and neurosciences with a strong
practical basis from which testable predictions can be made. Many recent publications have
emphasized how scientists from the disciplines of mathematics education, cognitive psychology
and neuropsychology can and should contribute to each others research (Berninger & Corina,
1998; Byrnes & Fox, 1998; Davis, 2004; Griffin & Case, 1997; Jolles et al., 2006; Lester, 2007;
Siegler, 2003; Spelke, 2002). As Cobb (2007) points out, comparing and contrasting research
from various perspectives has the added benefit of deepening our understanding of the
phenomena being studied and of broadening the practicality of the results.
Within the context of the development of mathematical abilities of young children, the authors of
this paper are mainly concerned with the mathematics educational perspective. De Haan and
Gebuis at Utrecht University are constructing and performing the educational neuroscientific
experiments. In time, the results of research from these research perspectives will be compared,
contrasted and combined in an effort to contribute to mathematics educational practices that can
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foster the early talents of young children. Ultimately our findings may help stimulate those
children who may be prone to experiencing problems in the development of mathematical
thinking.
In the present paper we spiral into the work that is being performed from the perspective of
mathematics education. In the first part of the paper, we lay out the theoretical framework of our
research. This starts with a rationale for our focus on young children, on the constructs of spatial
sense and number sense and on the role of spatial structures in the development of mathematical
abilities. Next, we introduce preliminary experimental support that has contributed to the
refinement of the research questions, and finally we explain our research methodology. We begin
with the primary interest of all mathematics research in TalentPower: the importance of
attending to how young children develop in their mathematical thinking.

2. Young Children Doing Mathematics
The overwhelming scientific attention to the mathematics education of young children can be
attributed to seven factors that Clements and Sarama (2007) articulate: that a growing number of
children attend early care and education programs, that the importance of mathematics is
increasingly being recognized, that differences in performance between nations as well as
between socioeconomic groups exist, that researchers are shifting to a perspective that
recognizes innate mathematical competencies, that mathematics achievement is strongly
predicted by specific quantitative and numerical knowledge, and finally, that knowledge gaps
often appear because of poor bridging between informal knowledge and school mathematics.
What repeatedly stands out from studies on development in early childhood is how young
children may be characterized by their natural drive to go out and explore the world. This is
particularly illustrated in research stemming from Piaget’s work. As mentioned in the
introduction above, however, Piaget’s methodology has strongly been criticized by researchers
such as Freudenthal for depending too much on expert-use and interpretation of underlying
concepts and on the child’s language skills (Freudenthal, 1984, 1991). Freudenthal was greatly
concerned about the intertwinement of children’s cognitive competencies with their language
skills, where relatively underdeveloped language skills could potentially suppress how children
may express their understanding. Research methodologies that relied on children’s ability to
communicate their thinking could, in his view, only assess this language component and nothing
more. Yet, Freudenthal’s experiences with young children convinced him that children typically
do possess remarkable cognitive competencies that develop through early learning processes.
Children’s early competencies have been compared to the behavior of scientists in the Theory
Theory (Gopnik, 2004; Gopnik, Meltzoff, & Kuhl, 1999). She suggests that children are born
with certain theories about the world that they continuously test and amend as they gain new
insights from daily experiences. Certain parallels are also drawn between children, scientists and
poets who resemble one another in their sense of wonder and in the intense way in which they
experience the world (Gopnik et al., 1999). As Dijkgraaf (2007) observes: ‘It is often said that
young children are ideal scientists. They are curious about the world around them. They ask
questions, make up theories, and carry out experiments.’ This is what is said to give both
scientists as well as children their drive to learn (Gopnik, 2004).
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In summary, de Lange emphasizes the ‘curious minds of young children’ (de Lange, cited in
Ros, 2006, p. 9) which ‘have to be stimulated’. In this sense it is disconcerting to note that many
early elementary mathematics curricula focus mainly on developing curricula that teach number
sense (Casey, 2004; Clements & Battista, 1992). Indeed several researchers warn about the gap
that has been observed at the start of formal schooling between children’s informal, intuitive
knowledge and interests, and the formal learning opportunities in school (cf. Griffin & Case,
1997; Hughes, 1986; Murphy, 2006). The key point that we are making, then, is that
mathematics education for young children should intertwine with and originate from the natural
experiences, the enthusiasm, and the interests of young children as they explore of the world.
Gopnik (2004) put the issue for science in general into the following words:
If we could put children in touch with their inner scientists, we might be able to bridge
the divide between everyday knowledge and the apparently intimidating and elite
apparatus of formal science. We might be able to convince them that there is a deep link
between the realism of everyday life and scientific realism (p 28).
Through acknowledging the early competencies of young children (concentrating on what the
children can already do versus what they cannot yet do; see also Gelman & Gallistel, 1978), we
should on the one hand be able to come to a greater understanding about what factors influence
the development of mathematical thinking and learning, while, on the other hand, stimulating the
child’s innate curiosity and eagerness to learn mathematics. We focus our research on spatial
sense and number sense, the core of mathematics in the early years (NCTM, 2000), and study
whether and, if so, how the development of early spatial sense and emerging number sense may
be related. For purposes of our argument, we now clarify what we understand to be number sense
and spatial sense.

3. Emerging Number Sense
The concept of number sense can broadly be defined as the ease and flexibility with which
children operate with numbers (Gersten & Chard, 1999). Berch (1999) compiled an extensive list
of components that have been related to the construct of number sense from the literature of
mathematical cognition, cognitive development, and mathematics education. As such, he states
that
possessing number sense ostensibly permits one to achieve everything from
understanding the meaning of numbers to developing strategies for solving complex math
problems; from making simple magnitude comparisons to inventing procedures for
conducting numerical operations; and from recognizing gross numerical errors to using
quantitative methods for communicating, processing, and interpreting information. (p.
334)
As children progress in their ability to count, they discover easier ways of operating with
numbers and they come to understand that numbers can have different representations and can
act as different points of reference (Berch, 1999; Griffin & Case, 1997; Van den Heuvel-
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Panhuizen, 2001). Given the diversity of the definitions of number sense, we focus our research
on the development of awareness of quantities, on learning to give meaning to quantities and on
being able to relate the different meanings of numbers to each other. This knowledge can then be
applied to determining a quantity, to comparing quantities and to preliminary adding and
subtracting. Hence, a well-founded number sense is fundamental to the ease and level of
understanding with which children progress to higher order mathematical skills and concepts.
Our focus on young children’s ability to determine a quantity and to compare quantities is
supported by the Central Conceptual Theory described by Griffin and Case (1997; Griffin,
2004b). This theory is grounded in cognitive research with findings on how children by the age
of four can make global quantity comparisons and can count. As Gelman and Gallistel (1978)
have shown, children by the age of four can count a set of objects and understand that the last
named number word represents the quantity of the set. Much recent cognitive research has
supported this finding and has extended it to mathematics operations. Berger, Tzur and Posner
(2006), for instance, found that six-month old infants can recognize simple addition errors and
that the corresponding brain activity can be compared to that of adults detecting an arithmetic
error.
Apart from children’s ability to count, research by Starkey (1992), for example, has shown that
four-year olds possess numerical knowledge that is not yet numerical, but that allows them to
make quantity comparisons. Indeed, more recent cognitive psychological research on children’s
numerical abilities has provided evidence on how infants as young as six months can
differentiate between amounts of objects that differ by a 2.0 ratio (i.e. eight versus sixteen
objects; Lipton & Spelke, 2003; Xu & Spelke, 2000). This ability has been seen to improve
within months as nine-month old infants can already differentiate sets that differ in number at a
1.5 ratio (i.e. nine versus six objects).
Griffin and Case (1997) describe the ability to compare quantities and the ability to count
initially as two separate schemas. At the age of four, children have difficulty integrating these
competencies, as if ‘the two sets of knowledge were stored in different “files” on a computer,
which cannot yet be “merged”’ (p. 8). A revolutionary developmental step is said to occur by the
age of five or six, in which these two schemas merge into ‘a single, super-ordinate conceptual
structure for number’ (Griffin, 2004a, p. 40) in a manner that is described in the Central
Conceptual Structure Theory (Griffin, 2004b; Griffin & Case, 1997). Such a conceptual structure
covers ‘the intuitive knowledge that appears to underlie successful learning of arithmetic in the
early years of formal schooling’ (1997, p. 8). It connects an understanding of quantity with
number and enables children to use numbers without having to rely on objects that are physically
present. Hence, this new conceptual structure provides children with the conceptual foundation
for number sense which is believed to fundament all higher-level mathematics (Griffin, 2004a).
The learning of number and operations in early childhood may be the best-developed area in
mathematics education research (Baroody, 2004; Clements, 2004; Fuson, 2004; Steffe, 2004).
Yet, other research has shown that spatial thinking skills and mathematics achievement of
relatively older children are related (Bishop, 1980; Clements, 2004; Guay & McDaniel, 1977;
Smith, 1964; Tartre, 1990a, 1990b). For this reason, the NCTM standards (1989, 2000) strongly
recommend increasing the emphasis on the development of spatial thinking skills through the
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teaching of geometry (the mathematics of space; Bishop, 1983) and spatial sense. In the next
section we discuss three components of spatial sense that we consider to play an essential role in
the development of young children’s mathematical abilities.

4. Early Spatial Sense
Spatial sense can be defined as the ability to ‘grasp the external world’ (Freudenthal, in National
Council of Teachers of Mathematics [NCTM], 1989, p. 48). In our view, this spatial sense
consists of three main components that are most essential for enabling young children to ‘grasp
the world’ and to develop mathematical thinking: spatial visualization, geometry (‘shapes’ in
short), and spatial orientation (‘space’ in short). These components can be recognized in the
foundations of comprehensive mathematics curricula for the middle grades such as Mathematics
in Context (1998).
Spatial visualization involves the ability to imagine the movements of objects and spatial forms.
In spatial visualization tasks, all or part of a representation may be mentally moved or altered
(Bishop, 1980; Clements, 2004; Tartre, 1990a). This has been conceptualized as the ability to
make object-based transformations where only the positions of the objects are moved with
respect to the environmental frame of reference whereas the frame of reference of the observer
stays constant (Zacks, Mires, Tversky & Hazeltine, 2000).
An example of a daily activity in which, already, young children have to apply spatial
visualization skills, is when they imagine where in the kitchen it is that they can find their snack
before they walk into the kitchen to get it. Recent cognitive research on children’s spatial skills
has shown how 16-24 month old infants can use the concept of distance to localize objects in a
sandbox (Huttenlocher, Newcombe, & Sandberg, 1994). This has suggested an early competence
to judge distances that is manifested regardless of the presence of any references in the direct
surroundings of the child. Such an ability requires spatial visualization skills for creating a
mental picture of the location of the object.
Geometry lessons in school should teach young children about shapes and figures and help them
learn to refer to familiar structures such as their own body, to geometrical structures such as
mosaics, and to geometrical patterns such as dot configurations on dominoes (cf. Clements &
Sarama, 2007). This type of communication may help increase their vocabulary and enrich their
imagination (Casey, 2004; Newcombe & Huttenlocher, 2000). Hence, geometric activities can
stimulate the children’s ability to sharpen and talk about their perceptions, which in turn helps
develop children’s spatial sense and reasoning skills (Van den Heuvel-Panhuizen & Buys, 2005).
Indeed NCTM (1989, p. 48) has described spatial understandings as necessary for interpreting,
understanding, and appreciating our inherently geometric world.
The third component that we name in the context of how children may ‘grasp the world’ is
spatial orientation. This is the term that Clements (2004, p. 284) uses to describe how we ‘make
our way’ in space. As children discover their surroundings, they gain experiences that help them
to understand the relative positioning and sizes of shapes and figures (Van den Heuvel-
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Panhuizen & Buys, 2005). As such, children learn to orientate themselves, to take different
perspectives, to describe routes and to understand shapes, figures, proportions and relationships
between objects.
Many of the activities in spatial orientation are examples of competencies that are typically
manifested even before these children begin their formal schooling. A cognitive study with four
and five-year olds, for example, provided evidence that at this age children can already compare
proportions and figures (Sophian, 2000). The children in this study were able to match the
correctly shrunken picture to the original picture without being distracted by pictures that not
only were smaller, but also disproportional to the original picture. Studies such as this one
exemplify the remarkably developed spatial sense that many children possess prior to the start of
formal schooling.
Now that we have illustrated what we mean by emerging number sense and early spatial sense,
we turn to why and how in our research we suspect a relationship to exist between these two
constructs.

5. Relating Early Spatial Sense to Emerging Number Sense: Spatial
Structures
To analyze the development of number and spatial sense of young children, we must first take a
step back and find inspiration in how young children learn and think in general. In the process of
learning and understanding, young children continuously try to organize new concepts and
information about the world (de Lange, 1987; Gopnik, 2004; van den Heuvel-Panhuizen, 2001).
Structuring is one fundamental method for children to organize the world (Freudenthal, 1987). In
effect, this method of organization contributes to gaining insight into important mathematical
concepts such as patterning, algebra, and the recognition of basic shapes and figures (Mulligan,
Mitchelmore, & Prescott, 2006; Waters, 2004). Freudenthal even believed that there is no other
science in which organization plays such a crucial role as in mathematics (1991). He described
mathematics as
an activity of solving problems, of looking for problems, but it is also an activity of
organizing subject matter. This can be matter from reality which has to be organized
according to mathematical patterns if problems from reality have to be solved. (1971, p.
413-414)
As children develop through experience, they improve their ability to organize incoming
information and they learn to amend their organization schemes accordingly. Piaget regarded
knowledge as structures that become increasingly complex through the processes of
accommodation, assimilation, and equilibration. When a child with a certain method of thinking
experiences something that no longer fits with this method of thinking (cannot assimilate), then it
is put off balance until the method of thinking is adjusted (accommodated) and the system is
balanced again (equilibrated). In this way, children are believed to reach more sophisticated
means of thinking.
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Van den Heuvel-Panhuizen (2001) gives an example of a practical mathematical situation in
which the learning process illustrated above can be recognized. In this example, four-year old
Anita is trying to connect meaning and purpose to the numbers that she is hearing:
Anita is in a pancake restaurant with her father. They have just chosen a pancake from
the menu. “I want pancake twelve,” says her father to the waitress. “And pancake seven
for this young lady.” Anita cries: “But I can’t eat that many pancakes...!” (p. 29)
Experiences such as these can set young children’s thinking off balance and force them to adjust
their definitions and frames of reference. Children learn from this, adjust the structure of their
mode of thinking and, in doing so, reach a higher level of understanding.
The type of structure discussed thus far is mostly conceptual in nature in the way that it
contributes to learning and understanding. Much research has concentrated on such a type of
structure in thinking (cf. Dienes, 1960; Sriraman, 2004; Van Hiele, 1997). The particular type of
structure that our study is concerned with is analogous to this conceptual structure, and yet it is
more concrete. It is structure that fits with children’s experiences and current levels of spatial
reasoning and it is structure which they may impose on manipulatives to support their
mathematical learning and understanding.
To illustrate what we define as structure, we make use of the definition that Battista (1999) gave
to describe the act of spatial structuring. In his view, spatial structuring is
the mental operation of constructing an organization or form for an object or set of
objects. It determines the object’s nature, shape, or composition by identifying its spatial
components, relating and combining these components, and establishing
interrelationships between components and the new object. (p. 418)
A spatial structure, then, is a product of this act of organizing space. Such a structure is an
important element of a pattern. In line with Papic and Mulligan (2005), we may define a spatial
structure in terms of a pattern. A pattern is a numerical or spatial regularity and the relationship
between the elements of a pattern, then, is its structure. In particular, we refer to a spatial
structure as a configuration of objects in space. This relates to the component ‘spatial regularity’
in the given definition of a pattern. The component ‘numerical regularity’ refers to numerical
sequences that are not relevant to the mathematical abilities of four- to six-year old children.
Examples of spatial structures that children of this age are typically familiar with are dot
configurations on dice, finger counting images, rows of five and ten, bead patterns, and block
constructions (illustrated in Figure 1).
In reference to the three components of early spatial sense that we elaborated on earlier, we
suggest that spatial structures may play a supportive role in the development of number sense.
Specifically, the intertwinement of the three components may contribute to children’s
understanding of quantities and relationships between numbers. We propose that once children
can imagine (i.e. spatially visualize) a spatial structure of a certain number of objects (i.e.
configuration of objects that makes up a shape) that are to be manipulated (in a space), then
learning to understand quantities as well as the process of counting (i.e. emerging number sense)
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should greatly be simplified. This hypothesized relationship between early spatial sense and
emerging number sense is depicted in the figure below.
Spatial Structures
Early Spatial Sense
Space
Shapes

Spatial Visualization
Emerging Number Sense
Comparing quantities
Determining amounts
Early adding and subtracting

Figure 1. Spatial structures as a key factor in how early spatial sense may support the development of emerging
number sense

After setting out why we suspect spatial structures to relate early spatial sense to emerging
number sense, we continue our argument with illustrations of how spatial structures may play a
supporting role in the development of mathematical abilities.

6. Spatial Structures in Early Numeracy Problems
To illustrate and support our concern with the role of spatial structures in the development of
emerging number sense, we refer to Arcavi (2003) as one researcher who set out to define
visualization and to analyze the various different roles that it may play in the learning and
teaching of mathematics. Visualization, in his context, requires spatial visualization since it
involves the interpretation and reflection upon pictures and images. Arcavi considers
visualization to be at the service of problem solving because it may inspire the solution to a
problem. In determining how many matches were needed to build an exemplar nxn square, for
instance, most students used visual means to solve the problem. These visual means took
different forms, one of which was the decomposition into what the students perceived to be
easily countable units. This was a first step into changing the ‘gestalt’ (roughly the whole or the
form) of the configuration.
It is the use of the term ‘gestalt’ in this context that supports our argument and indicates how
students can simplify the mathematical problem by spatially visualizing objects into particular
shapes in a space. For Arcavi’s students, the ‘gestalt’ could involve ‘breaking and rearranging
the original whole’ or ‘imposing an “auxiliary construction” whose role consisted of providing
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visual “crutches”, which in themselves were not counted, but which supported and facilitated the
visualization of a pattern that suggested a counting strategy’ (Arcavi, 2003, p. 229).
Several studies have related the Gestalt laws to early development. Spelke and colleagues
(1993), for example, found that while the perceptions of adults were strongly influenced by the
Gestalt relations of color, texture similarity, good continuation, and good form, the perceptions
of 5- and 9-month olds were only weakly affected, and the perceptions of 3-month olds were not
at all affected. This suggests a developmental course of these particular Gestalt relations (cf.
Quinn et al., 1993; 2002). Taken together, these studies highlight how even infants as young as
three months are capable of distinguishing particular elements of and establishing crude
perceptual coherence.
An anecdote of Richardson (2004) about the children in her preschool classroom illustrates how
the extraction of spatial structures may occur in practice. Richardson had her children work with
dot cards (showing configurations such as those on dice) so that they could learn to recognize
amounts in such arrangements. When, one day, she asked the children to count out a certain
number of counters, she was astonished to find that instead of correctly counting out the
counters, the children made an ‘X’ shape to match what the children recognized to be the shape
of five dots on a card, and they made a square shape to match what they recognized to be the
arrangement of nine dots. Apparently, then, these children extracted a shape from the individual
dots on cards and taught themselves that this shape should resemble a particular number.
Richardson (2004) concludes from this experience that teachers must always interact with the
children to check whether what they are doing makes sense to them, because performing without
understanding interferes with the development of their mathematical abilities. More than that, it
is a practical example of how children extract a general shape from individual elements and it
adds on to the finding that infants can deploy Gestalt principles to make sense of the real-world
and to establish perceptual coherence. The ability to process the gestalt, the whole, is an
important requirement for mathematical skill as it is one ability that should help simplify and
shorten the children’s process of learning to determine quantities (Van Eerde, 1996; Van
Parreren, 1988). Such supporting evidence for children’s tendencies to organize the world
through the use of spatial structures, should encourage mathematics educators to take care to
weave spatial abilities into early mathematics curricula.
Children typically begin to formalize their understanding of quantities by connecting a certain
quantity with spatial structures such as a number of fingers that are being held up on a hand or
dot configurations on a pair of dice. As Smith (1964, as cited in Tartre, 1990a) put it,
the process of perceiving and assimilating a gestalt...[is] a process of abstraction
(abstracting form or structure)... It is possible that any process of abstraction may
involve in some degree the perception, retention in memory, recognition and perhaps
reproduction of a pattern or structure” (p. 213-214).
These spatial structures require a child to use its spatial visualization skills for organizing and
making sense out of visual information. The mental extraction of structures from spatial
configurations is also what Arcavi (2003) found to aid the counting process of his students.

TMME, vol4, no.2, p.220

Although the students in Arcavi’s study were older than the age group in our project, one can
imagine how young children can also use ‘gestalts’ to rearrange objects that are to be counted,
for example. The spatial structure that subsequently arises can help the child to oversee the
quantity (Van Eerde, 1996; Van Parreren, 1988).
As illustrated in Figure 1, we propose that the spatial visualization abilities help the child to
perceive the ‘gestalt’ or spatial structure, in order to either mentally or physically be able to
rearrange the objects in a space. The spatial structure that subsequently arises can simplify early
numerical procedures. When young children are asked to determine the quantity of a randomly
arranged set of objects, they initially tend to count each object. As the set of objects grows, this
procedure eventually confronts them with the difficulties of keeping track of which objects have
already been counted and with the time-consuming process that accompanies the counting of
larger sets.
The benefit of applying spatial structure to mathematical problems is evident, for instance, when
reading off a quantity (i.e. seeing the quantity of six as being three and three), when comparing a
number of objects (i.e. one dot in each of four corners is less than the same configuration with a
dot in the center), when continuing a pattern (i.e. generalizing the structure) and when building a
construction of blocks (i.e. relating the characteristics and orientations of the constituent shapes
and figures). Here too, then, children’s ability to grasp spatial structure appears essential for
developing mathematical abilities such as ordering, comparing, generalizing and classifying
(NCTM, 2000; Papic & Mulligan, 2005; Waters, 2004).
More formal mathematical skills require even further insight into and use of spatial structure.
This is particularly the case for addition, multiplication and division (i.e. 8 + 6 = 14 because 5 +
5 = 10 and 3 + 1 = 4 so 10 + 4 = 14; Van Eerde, 1996), for using variables in algebra, for
proving, predicting and generalizing, and for determining the structure of a shape in order to
subsequently mentally rotate or manipulate it (Kieran, 2004). Various studies have shown that
children with serious mathematical problems tend not to use any form of structure and continue
to count objects one by one (Mulligan, Mitchelmore, & Prescott, 2005; Van Eerde, 1996). This
accentuates the need for children to be familiar with various spatial structures in order to
simplify the progression to more formal mathematical concepts and procedures.

7. Preliminary Experimental Support
Thus far, we have set out much of the theoretical support for why and how we propose that early
spatial sense and emerging number sense may be related. Alongside this are some preliminary
outcomes of a previously conducted explorative study (van Nes & de Lange, in press; van Nes &
Doorman, 2006) in which we set out to investigate the strategies that four- to six-year old
children use to solve various number sense and spatial thinking problems.
One outcome from the explorative study was that four- to six-year old children with relatively
stronger mathematical skills seemed to make more use of spatial structures than other children
did. These children recognized the spatial structures that were presented and knew to implement
these spatial structures for simplifying and speeding up counting procedures. Interestingly,
however, there were several low achieving five- and six-year old children who seemed to
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recognize the spatial structures, and yet who did not proceed to applying the structures to solve
the problems. These particular cases triggered our interest into what role insight into spatial
structures may play in the development of emerging number sense and, ultimately, in the child’s
level of mathematical achievement.
The findings from our explorative study complement research of Mulligan, Prescott and
Mitchelmore (2004) in which they conducted an analysis of structure present in 103 first graders’
representations for various tasks across a range of mathematical domains. They coded the
individual profiles as one of four stages of structural development and found that mathematical
structure in children’s representations generalizes across various mathematical domains.
Recently, Mulligan, Mitchelmore and Prescott (2005; 2006) developed a Pattern and Structure
Assessment (PASA) interview and a Pattern and Structure Mathematics Awareness Program
(PASMAP) to study whether the mathematics of low achieving students can be improved
through explicit instruction about structures and patterns in mathematical domains. The
preliminary results showed improved mathematical achievement, suggesting that explicit
instruction of mathematical pattern and structure can stimulate student’s learning and
understanding of mathematical concepts and procedures.
Taking the theoretical background and the preliminary findings together, we summarize the
research questions of the present study from the perspective of mathematics education as:
1. How are early spatial sense and emerging number sense related and what role may spatial
structures play in this development?
2. How can spatial visualization be implemented in educational practices to support the
development of number sense?
In order to answer these two research questions we concentrate on designing a teaching
experiment in which we may study how the development of spatial sense and number sense may
be stimulated in an educational setting. This last issue will be investigated in terms of a design
research methodology.

8. An Instruction Experiment
In gaining an understanding of how children recognize and apply spatial structures to numerical
problems, it is important to decide on a methodology that is appropriate for highlighting the
processes that occur in the mind of the child from the perspective of the child. The methodology
that appears to be most in line with the principles of TalentPower, is inspired by the main
theoretical insights of researchers in mathematics education such as Freudenthal (1984, 1991),
Dienes (1960) and Van Parreren (1988). This generally concerns a methodology that is focused
on a child’s learning processes, that applauds dialogue and interaction, that emphasizes the
stimulation of the own actions of the child, and that rejects mechanistic mathematics education
(Van Eerde, 1996).
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The activities for the instruction experiment stem from the tasks that we developed, tried out and
improved in the previous exploratory studies (van Nes & de Lange, in press; van Nes &
Doorman, 2006). Next to being based on the abovementioned theoretical insights, these tasks
were originally inspired by experimental outcomes and practical experiences as described in
related literature (van den Heuvel-Panhuizen, 2001, for example) and developed with input from
experts. We also assessed the appropriateness of the tasks in terms of their coherence with the
outcomes of the Utrecht Numeracy Test (UNT, van Luit et al., 1994). This is a normed test for
assessing the number sense of 4.5- to 7-year old children. We compared the children’s scores on
this test with their accuracy scores as well as with the level and types of strategies that they used
on the tasks. As we were easily able to come to a consensus about the scoring of the tasks, the
strategy classifications and their agreement with the UNT scores, we decided that the tasks
would be suitable to work out into a series of activities for use in the instruction experiment.
As the methodology is based on the guidelines of ‘design research’ (Freudenthal, 1978;
Gravemeijer, 1994, 2004; Gravemeijer, Bowers, & Stephan, 2003; Streefland, 1988), our theory
will cohere with direct experiences from an educational setting. This should keep the findings
both theoretical and practical. It will involve an iterative procedure of theory-driven adjustments
to the intervention and amendments to the hypotheses that lead to an improved and evidencebased theory (Freudenthal, 1978; Gravemeijer, 1994; Streefland, 1988). Freudenthal (1991)
referred to such a research design as an instruction experiment because the activities are meant to
broaden the children’s insight into spatial visualization, into the perception and application of
spatial structures, and, ultimately, into the characteristics of quantities and numbers while, at the
same time, providing the researchers with a greater understanding of the children’s learning
processes. The aim, then, is not necessarily to conclude that the series of activities teach the
children about spatial structures, but more to come to an analysis about why the series of
activities may have stimulated the children’s thinking (Gravemeijer et al., 2003).
In order to study the children’s thinking processes, the series of activities should guide the
children along a so-termed conjectured local instruction theory (Gravemeijer, 1994; Simon,
1995). The conjectured local instruction theory is a learning trajectory based on mathematical,
psychological, and didactical insights about how we expect that the children will progress from
their original way of thinking to our aspired way of thinking. To ensure the practicality of our
findings, we must take into account both the cognitive development of the individual students, as
well as the social context (i.e. people, setting and type of instruction) in which the instruction
experiment is to take place (Cobb & Yackel, 1996).
The cyclical process that characterizes design research is illustrated in the diagram below. In
practice this means that we will implement the series of activities in an instruction experiment,
perform retrospective analyses on the transcripts from these lessons, adjust our hypotheses
accordingly in a thought experiment and improve the activities in line with the amended
conjectured local instruction theory. Then we repeat the procedure by implementing the new set
of activities in a subsequent cycle, and learning from the class-experiences for, once again,
fuelling the next thought experiment. This process will contribute to establishing and refining our
conjecture local instruction theory.
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Figure 2. The cyclical procedure of design research (Gravemeijer, 2004)

9. Summary and Conclusion
After providing a broad overview of the theoretical framework that is propelling the MENS
research, it is clear that young children possess spatial and numerical skills that should be
cultivated in educational practice. As such, the aim of this research is to bring the spatial sense of
young children to the fore and illustrate how spatial skills could function to stimulate the
development of more formal mathematical skills that require number sense.
Supported by various fields of research, we consider spatial visualization, insight into shapes and
an understanding of space to be three main components that make up young children’s early
spatial sense. As such, we suggest that children’s spatial visualization skills contribute to their
ability to organize representations of objects into spatial structures (such as dice configurations
and finger images). These spatial structures relate to the children’s conceptions of shapes with
which they become familiar through exploring their surrounding space. Children’s concepts of
quantities and number, then, may greatly be stimulated when children are made aware of the
simplifying effects of structuring manipulatives.
As soon as we have cycled through enough instruction and thought experiments to fundament
our conjectured local instruction theory, we will turn to our colleagues for comparing and
contrasting the results of the research perspectives of mathematics education and educational
neurosciences. The neuroscientific perspectives may supplement our research with results from
studies on brain behavior and neural correlates with respect to early spatial and numerical
thinking. Ultimately, in line with the principles of TalentPower, the collaboration of these
research perspectives should provide a more all-round and in-depth understanding of how
education can foster the talents of young children and possibly stimulate those children who may
be prone to experiencing problems in the development of mathematical skills.
As Tartre (1990a) stated in a discussion on spatial orientation,
attempting to understand and discuss something like spatial orientation skill, which is by
definition intuitive and nonverbal, is like trying to grab smoke: the very act of reaching
out to take hold of it disperses it (p. 228).
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She notes that any attempt to verbalize spatial thinking no longer is spatial thinking since spatial
thinking is only a mental activity. We recognize that research into spatial sense is always an
indirect attempt at trying to understand what is happening in the mind. Nevertheless, by taking
into account the three components that we associate with spatial sense, and by relating them to
each other in the way that we are, we aim to gain an understanding of how young children’s
early spatial skills may help them progress in their mathematical development. This is how we
intend to better appreciate and more effectively cultivate young children’s cognitive capacities
that too often are underestimated or even neglected.
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Introduction of a new construct: The conceptual tool “Flexibility”
Mette Andresen1
Danish University of Education
Abstract
This paper presents a new construct: the conceptual tool ‘Flexibility’. The construct was a result of an attempt to
extract experiences of teaching and learning with the use of laptops. It was further developed and refined on the
basis of four small-scale teaching experiments. The teaching experiments, being part of a development project in
upper secondary school mathematics, investigated the use of laptops for teaching differential equations from a
modeling point of view. The research was double-aimed: one objective was to conclude the project with some
recommendations for the design of teaching, in the form of guidelines suitable for a wider dissemination amongst
upper secondary mathematics teachers. The other main aim was to draw on the project’s experiences for theory
development within a framework based on Realistic Mathematics Education (RME) and related ideas. The
construction of ‘Flexibility’ served both these aims.

Keywords: computer environments; flexibility; instrumental genesis; technology; teaching and
learning; laptops; differential equations; Realistic mathematics education (RME)

1. Background
In Denmark, a recent reform of the structure and the curriculum in upper secondary school
encompassed introducing the use of CAS in mathematics, chemistry and physics. Teaching with
CAS was not required to follow authorized plans or materials: the design of teaching sequences,
planning and preparation of extra teaching materials etc. were still the individual teacher’s
responsibilities. Thereby, the reform made new demands on the teachers’ professional
development: it was far from obvious how the use of CAS should be integrated in the individual
teacher’s repertoire of teaching instruments2. A metropolitan area six-year school development
project, titled ‘World Class Math and Science’3, partly served as a precursor for the reform,
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although the government did not sponsor the project. Part A of the development project4
encompassed experiments with laptop classes in upper secondary school mathematics.
I was employed at the Danish University of Education to do the research in part A of the
development project for my Ph.D. in mathematics education. Following the standpoint described
in Wittmann (1998) and Lesh & Sriraman (2005), that mathematics education is a design
science, I believe that research and development has to be linked to teaching and learning
practice at crucial points. Improvement of teaching practice must be merged with the progress of
the whole field of educational research and reversely, research progress linked to the
development of teaching practice. So, the research for the Ph.D. project became double-aimed:
one objective was to conclude the World Class project with some recommendations for the
design of teaching, in the form of guidelines suitable for a wider dissemination amongst upper
secondary mathematics teachers. The other main aim was to draw on the project’s experiences
for theory development within the theoretical framework based on Realistic Mathematics
Education (RME) and related ideas. My construction of ‘Flexibility’ served both these aims.

1.1 Objectives of the construction
With this background, the initial goal of the research was to extract knowledge from the project’s
teaching experiments in a way that made this knowledge useful. More precisely, the aim was to
identify, articulate and conceptualise the participants’ shared experiences of improved learning
and, subsequently, to turn these experiences into a form that would:
- Allow teachers to take them into account for improvement of their own teaching
- Serve as a contribution to math education theory
In yearly evaluation interviews, participants from the World Class A project repeatedly had
expressed a shared experience of improved learning: in the interviews, a number of students and
teachers described their feelings of getting “a better overview” and “a deeper understanding”,
apparently as a result of the use of laptops. These remarks were developed further with
explanations like “because you can easily get series of graphs”, “you do not get stuck in
technical details”, “it is easy to see examples” or “in stead of remembering a lot of techniques
you are allowed to concentrate on the ideas”. Such answers are in accordance with some
expectations to CAS (and computer) use, widespread amongst math teachers. Teachers, like
many researchers5, believe that besides to favour visualisations, the CAS routines can be
incorporated into the design of teaching as shortcuts, to facilitate students’ focusing on ideas,
structures and conceptions.
Hence, in the research project the challenge was to critically sort out examples of fruitful support
of students’ learning from the general feeling of ‘flow in the classroom’. So the objective turned
out to be pointing out important elements of learning activities, for teachers to aim at in their
future design and preparation of teaching sequences and single lessons. These elements of
learning activities are important, according to two criteria:
1. The activity should promote the student’s actual work with mathematics in an observable
way
4

See (Andresen 2006 chapter 3, p 21-39) for a detailed description
See for example (Drijvers, 2003, p 92). Hypothetically, the work with CAS may offer the students a shortcut to
reification or a shortcut to working with “objects” as if the processes were reified.
5
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2. Arguments based on the theoretical framework should support the claim that the activity
could promote the student’s learning
The mental actions ‘change of perspective’ and ‘change of representation’ turned out to be a
common denominator for the important elements in focus of my interest. They gave inspiration
to my choice of the term ‘flexibility’ to denote the new construct in the following definition.

1.2 Definition: Flexibility of mathematical conceptions
Definition
The flexibility of a mathematical conception constructed by a person is the
designation of all the changes of perspective and all the changes between
different representations the person can manage within this conception.
(Andresen, 2006, p. 136):
In this definition of the conceptual tool flexibility, the term ‘change of perspective’ means
change between different facets of the mathematical conception in question, regarded as the
student’s construct6. My selection of a number of complementary pairs of perspectives intended
to make flexibility an operational tool. Two main considerations determined my choice of pairs,
in accordance with (1.) and (2.) above:
- Changes within the pairs of perspective should be recognisable for the teacher (or any
observer)
- The changes should be pivots for the students’ learning process.
Within the notion of flexibility, the term ‘representation’ is used in the sense of the media of
expression or communication. The objective of the construction was not to categorise all mental
changes. The overall aim was to offer teachers a few building blocks in the form of simple
design heuristics. My design of these building blocks should be appropriately based on the
research to ensure that the use of them was likely to support the students’ learning.
Neither did the construction aim to establish any one-to-one correspondence between every
mathematical conception and its exposure within each perspective. Supposedly, it is clear that
any mathematical conception can be expressed in each perspective in more than one way, and it
may be exposed in more than one way in each representation. The perspectives and
representations, referred to in the definition, are presented in a later paragraph in this paper.
Before that, the next paragraph tells about the theoretical basis for the concept of flexibility.

6

According to L. P. Steffe and P. W. Thompson (Steffe & Thompson 2000 p 268-269), the experience of students’
learning allows the researcher to inquire the students’ mathematical realities. These realities are called students’
mathematics and by (partly) knowing them, it is possible for the researchers to construct a model of students’
mathematics, called mathematics of the students. Students’ mathematics, which the students have constructed as a
result of their interactions in their physical and sociocultural milieu, is indicated by what the students say and do
when they engage in mathematical activity. In contrast, mathematics of the students is part of the shared knowledge
in the classroom, compatible with the educational goals.
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2. Basic ideas beyond the concept of ‘flexibility’
Literature studies played an important role for the development and refinement of my earliest
idea of ‘flexibility’. This paper only presents three main ideas from the framework that forms the
basis for my definition of ‘flexibility’7: i) a specific dynamical approach to concept formation
that combines main heuristics of Seymour Papert and Jean Piaget, introduced by Edith
Ackermann, ii) vertical and horizontal mathematising in the RME sense realised in Koeno
Gravemeijer’s four level model and iii) the French theory of Instrumental Genesis.

2.1. A dynamical approach to concept formation
To facilitate cognitive growth, Edith Ackermann presents the idea of a bi-directional interplay
between “diving in” and “stepping back” in (Ackermann 1990 p 6). Ackermann refers to both
Jean Piaget and Seymour Papert8 as constructivists who see children as the builders of their own
cognitive tools, as well as builders of their external realities. Both Piaget and Papert consider
knowledge as a personal experience to be constructed. Further, they both acknowledge
adaptation as
.. the ability to maintain a balance between stability and change, closure and
openness, continuity and diversity, or, in Piaget’s words, between assimilation and
accommodation. (…) The main difference is that Piaget’s interest was mainly in the
construction of internal stability whereas Papert is more interested in the dynamics of
change. (Ackermann, 1990, p.4)
The main point in Ackermann’s description of Papert’s view is: diving into situations rather than
looking at them from a distance, connectedness rather than separation are powerful means of
gaining understanding: becoming one with the phenomenon under study is a key to learning.
Ackermann’s description of Piaget’s view can be summarised like this: the way children
progressively become detached from the world of concrete objects and local contingencies is
closely related to their gradually becoming able to mentally manipulate symbolic objects within
the realm of hypothetical worlds, so that rules and invariants are means of interpreting and
organizing the world, and abstract and formal thinking are the most powerful way to handle
complex environments.
Ackermann states that her own perspective is
..an integration of the above views. Along with Piaget I view separateness through
progressive decentration as a necessary step toward reaching a deeper
understanding. I see constructing invariants as the flipside of generating variation.
(..) I share Papert’s idea that diving into unknown situations, at the cost of
experiencing a momentary sense of loss, is a crucial part of learning. (..) My claim is,
that both “diving in” and “stepping back” are equally important in getting such a
cognitive dance going. (Ackermann 1990 p 6)

7

The complete theoretical framework is presented and discussed in (Andresen 2006, chapter 5)
In a footnote, Ackermann says: “Describing the difference between Piaget and Papert has been useful for me, and
might be of general interest for the reasons mentioned in the text. It is through working directly with both thinkers
(first, at the Piaget Institute, and currently at MIT) that I became progressively convinced of the need for integrating
structural and differential approaches in describing human development.” (Ackermann 1990 p 27)
8
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Ackermann’s idea of a ‘cognitive dance’ gave me the inspiration to construct ‘flexibility’ as a
means to capture the dynamics of concept formation rather than static descriptions of cognitive
structures. My method was to identify and group changes of perspective and changes between
representations.

2.2. Vertical and horizontal mathematising in RME
Within the paradigm of RME, guided reinvention (or progressive mathematising), didactical
phenomenology and emergent models are the three key heuristics for the design of teaching. In
contrast to the cognitive theories of concept formation, ‘modelling’ was acknowledged to be an
issue of interest in the World Class project’s teaching culture. Moreover, a ‘guided reinvention’
design is to a great extend in accordance with the prevailing norms for good teaching. So it
seemed reasonable to include RME into the framework in the following way. The four-levelmodel of activity intends to capture the way students’ thinking evolves (Gravemeijer & Stephan
2002 pp 159-160):

Fig 1. Levels of activity (Gravemeijer and Stephan, 2002, p. 159)
In the model, the activities at the level of task setting take place in a situation that is
experientially real for the students. This enables the students to reason with a model of the
problem but still think about acting in the situation. For experienced students an experientially
real situation may also be mathematical. At the next, referential, level the students act with a
model that is meaningful because it signifies an experientially real activity for them. At the
general level the type of activity has changed since the students’ attention has shifted from the
contextual meaning to the mathematical relations involved. The students’ activities are no longer
dependent on situation-specific imagery. Finally, the students will no longer need the support of
a model for their more formal mathematical reasoning, which constitutes the fourth level of
activity.
So, progressive mathematising implies the students’ raising up through the four levels. The levelraising does not happen as a total, one-directional movement: the student may in one context of
content be at one level and in another context at another level. Besides, the raising from one level
to another happens over time, where the student switches between two levels in both directions
several times. The levels, further, have different character. It follows that in terms of RME,
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concept formation by modelling can be expressed as changes between levels: horisontal
mathematising happens as changes from situational, task setting level to referential level when
models emerge, and vertical mathematising happens as changes from the level of model of
(referential) – to the level of model for (general) and to further up to the formal level. In the
description below, the first three levels in the four-level-model are considered as perspectives on
the mathematical conceptions in question. Level-raising is considered as the result of
bidirectional changes between these perspectives, which are included in ‘flexibility’.

2.3. The French theory of Instrumental Genesis
The French theory of instrumental genesis is based on the idea that an artefact, for example a
CAS calculator, does not in itself serve as a tool. It becomes useful, and then denoted an
‘instrument’, only after the user’s formation of (one or more) mental utilisation scheme(s). Such
utilisation schemes connect the artefact with conceptual knowledge and understanding of the
way it may be used to solve a given task. The utilisation schemes contribute to the formation of
instrumented action schemes. So, an instrument consists of the tool, for example a laptop with
the CAS software Derive, the student’s mental utilisation schemes and the task or problem to be
solved. (Drijvers, 2003, pp. 96-97).
The process in which the artefact becomes an instrument is called ‘instrumental genesis’. The
process proceeds through activities in
The two-sided relationship between tool and learner as a process in which the tool in
a manner of speaking shapes the thinking of the learner, but also is shaped by his
thinking. (Drijvers & Gravemeijer, 2005, p. 190).
The two directions of the process can be linked to the construction of epistemic and pragmatic
knowledge, respectively. The distinction between construction of epistemic and pragmatic
knowledge is reflected in the definition of flexibility, which discerns between pairs of
perspectives with relation to the construction of epistemic knowledge and, partly corresponding,
pairs with relation to pragmatic knowledge.
This outline of the theory of instrumental genesis reveals the underlying French framework: the
scheme concept, encompassing utilisation schemes and instrumented action schemes, was
introduced by Vergnaud (Trouche, 2005, p.149). Since the mental utilisation schemes are not
directly accessible for study and analysis, the concept of ‘instrumented techniques’ is of special
interest: instrumented techniques are the external, visible and manifest parts of the instrumented
action scheme. Still, an instrumented technique involves conceptual elements, since the
technique reflects the schemes. This leads me to the following two crucial conclusions:
-

The study of a student’s development and use of instrumented techniques is useful to
enlighten the student’s development of those instrumented action schemes, to which the
techniques relate
Development of mathematical conceptions cannot be studied if use of technology is
considered separate from the student’s other activities
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The first point stresses the importance of empirical studies of students’ work. The second point
opposes my research to the standpoint, that teaching may be performed independently of what
tools the students have at their disposal. It is also in contrast to the view, that the influence of for
example computer use can be overlooked as if it were just a matter of ‘digitising the pencil case’.
This is in line with what Jean-Baptiste Lagrange stresses in (Lagrange, 2005, pp. 131-132):
The traditional opposition of concepts and skills should be tempered by recognising a
technical dimension in mathematical activity, which is not reducible to skills. A cause
of misunderstanding is that, at certain moments, a technique can take the form of a
skill.
Besides the very grouping of the pairs of perspectives, the construction of the ‘tool – object’ pair
was another result of the impact of the theory of instrumental genesis. The pair composed by a
‘tool’ perspective on a mathematical conception and an ‘object’ perspective on the same
conception is realised for example in problem-solving settings. The tool – object pair
corresponds to Anna Sfard’s process – object duality (Sfard 1991). The tool perspective on
mathematical conceptions is opposed to the ‘pure skill’ viewpoint and it implies the technical
dimension that Lagrange refers to in the above quotation. So, within the notion of perspectives,
the term tool denotes mathematical processes, carried out by the student with his instrument to
serve a concrete purpose. It should be remarked that the purpose of the activity makes the
difference between the tool perspective and Sfard’s process perspective, not the instrument.
Activities that aim at construction of pragmatic knowledge, involves the tool perspective on the
mathematical conception in question. If the purpose is construction of epistemic knowledge, the
process perspective is involved. This tool perspective on mathematical conceptions is in
accordance with Régine Douady’s definition of concept as a tool:
We say that a concept is a tool when the interest is focused on its use for solving a
problem. A tool is involved in a specific context, by somebody, at a given time. A
given tool may be adapted to several problems, several tools may be adapted to a
given problem. (Douady, 1991, p. 115)
Mathematical activities, then, must be considered from a tool perspective when they are
considered as parts or elements of a technique in the above mentioned sense. To take the
corresponding object perspective, genesis of the instrument is requested. Therefore, the
instrumental genesis is in a crucial way linked to and maybe a prerequisite for the change to
object perspective.

2.4. Perspectives and representations, referred to in the definition of flexibility
The pairs of perspectives form three groups: perspectives intrinsic to mathematics, and
perspectives relevant for construction of epistemic- and pragmatic knowledge respectively. As it
was mentioned above, the distinction between epistemic and pragmatic knowledge intended to
take into account that the conceptual tool flexibility should resonate with the theory of
instrumental genesis. All the changes between perspectives and between representations are
bidirectional. Each pair of perspectives can be developed reflexively during the bi-directional
changes.
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In the notion of flexibility the term representation means representation system or
communication media in a functional sense. So, the representations function partly as the media
for externalisations of internal conceptual systems (Lesh and Doerr, 2000, p. 364; Mousoulides,
Sriraman & Christou, 2007) and resembling the use of the term in the KOM-report (Niss, 2002).
There is no sharp distinction between the four representations. Especially, the technical
representation in many cases widely overlaps with the others.
2.4.1. Perspectives intrinsic to mathematics
Local and global position
Local position and global position are intrinsic mathematical perspectives. For example, changes
between them occur when a single member of a group of objects is picked out for closer
examination or if a single object is incorporated into a collection or family of objects. Using
CAS, this change is easily realised for example by the use of facilities as substitution and copy –
paste.
General - specific
General status and specific status are intrinsic mathematical perspectives, which concern the
domain of validity. Inductive reasoning is linked to changes from specific to general perspective,
whereas deductive reasoning is linked to changes from general to specific perspective. The use
of CAS allows a quick and easy generating of specific objects from general expressions or
formulas.
Analytic- constructive
The analytic and constructive perspectives are well-known phases in working with geometry.
Examples are measuring a given thing and construction of a figure with a given measure,
respectively. Especially, changes between these two perspectives are of relevance in sequences
of modelling at a functional level.
2.4.2. Perspectives linked to construction of epistemic knowledge
The process - object duality.
The process perspective is operational and the object perspective is structural. The distinction
and the connection between these two perspectives are encompassed by the reification theory. In
contrast with the viewpoint of reification theory, the students’ mental activities captured in the
notion of flexibility, though, may go in both directions and thereby support the development of
both perspectives.
Situated - decontextualised
The situated perspective is used to capture concrete aspects of problems, and of handling actual
problems and challenges. The decontextualised perspective is the result of extracting rules,
aiming at internal stability, which can occur through abstraction. Changes between situated and
decontextualised perspective are linked to reflections, but not necessarily to modelling at the
functional level. Therefore, this pair of perspectives relates to formation of epistemic rather than
pragmatic knowledge. Changes from situated to decontextualised perspective correspond to the
raising from referential to general level in the four-level model described above.
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2.4.3. Perspectives linked to construction of pragmatic knowledge
The tool - object duality
The tool perspective9 focuses on the use of a mathematical conception for solving a problem in a
specific context, with some specific aids. The corresponding object perspective means the distant
overview-perspective on the tool. Flexibility in this case encompasses the student’s distant
overview over a collection of mathematical tools, besides his capability to change from the
distant over-view perspective into a tool perspective in the actual context.
Model - reality
The changes between reality and model perspective result in level-raising from the first to the
second level in Gravemeijer’s four-level model. In a number of cases, reality is expressed in
natural language, and changes from reality to model then happens in connection with a change of
representation from natural- to formal language.
Model of - model for
The changes between model of and model for perspective result in raising from the referential to
the general level in Gravemeijer’s four-level model. The change is exemplified in the case of
calculus by K. Gravemeijer and M. Doorman (Gravemeijer & Doorman, 1999, p.111).

2.5. Representations
The term representation is used in a very broad sense. Consequently, changes between the four
representations may occur in different contexts, and happen at a variety of levels. As part of the
students’ modelling and problem solving activities, the communication media may for example
change at a functional level. In contrast, in other cases a single change to natural language may
involve cognitive challenges like interpretation of a graph or ascribing meaning to a symbol.
The four representations do not intend to form any classification of media for expression of
mathematical conceptions. In line with this, computer language is included as a representation on
its own although it overlaps with the other representations, because changes to and from
computer language is one part of the instrumental genesis.
Analytic representation (formal language)
Analytic representation includes formal expressions and formulas, algebraic expressions and
symbols. Changes to analytic representation are related with symbolising whereas changes from
analytic representation are connected with interpretation of symbols and the ascribing of
meaning to symbols. The changes may cover more or less complex actions: For example, a shift
to formal language may imply a routine translation from the graph of a linear function into the
corresponding formal expression. Or it may describe the level raise from situated to formal level
or from referential to general level. During modelling processes, the changes to formal language
often happens stepwise, passing stages of partly formalised in-between-expressions.

9

Here, the term tool is used in a broad meaning, not synonymous with artifact in contrast to instrument like in the
theory of instrumental genesis
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Graphical representation
Graphic representation includes graphs, curves, diagrams and tables, drawings etc. and
explanatory gesticulation. Changes to and from graphic representation may be the result of for
example the student’s construction of a spatial conception of a curve that corresponds to the
formal expression of a mathematical conception. Though, the curved line in the calculator’s
window, created by one press on the button is regarded as a graphic representation of the
conception in question as well.
Natural language
The representation natural language encompasses spoken as well as written expressions and
includes talk, explanations and negotiations, some texts written by the students or the by teacher,
and some textbook texts.
The teacher’s assessment has an impact on the communication in the classroom: depending on
the social norms in the classroom, the students’ can learn standard phrases of explanation by
rote. The teacher’s assessment of the student’s understandings often relies on the student’s
capability to handle the content ‘in his or her own words’. Standard phrases resembling own
words, of course, can still be learned by root. Nevertheless, in the notion of flexibility such
standard phrases are considered natural language. Natural language can overlap with formal
language when technical terms are used, for example in group discussions.
The changes to natural language in many cases cover complex processes of interpretation and
construction of meaning.
Technical representation (computer language)
Changes to technical representation encompass the translation from other representations into the
version, adapted to the computer or calculator in question. Changes to computer language span
from simple routines where students choose a well known instrument, to complex processes of
instrumental genesis. Expressions in the other representations and changes between them are
mediated in computer language: graphs, formal expressions and natural language can all be
expressed in technical language too. In some cases, further, the software allows simultaneously
use of formal language and graphic representation.

3. Methods and modes of the research
The initial construction of flexibility was based on teaching experiences, a preparatory classroom
study and literature studies10. The teaching experiences were partly my personal ones; partly
from the World Class A project referred to in the evaluation interviews, and partly second-hand
ones, collected over years in informal talk and discussions with teacher-friends and colleagues.
Subsequently, I carried out an empirical study which aimed to
- Identify signs which could indicate flexibility in the students’ mathematical conceptions
- Inquire how the teaching, the task, the teacher’s questions etc. provoked the students to
demonstrate flexibility
- Interpret the role of flexibility for the students’ further working with mathematics
10

The research design, the empirical studies and inquiries and their relations and roles in the design are presented
and discussed in (Andresen, 2006, chapter 6)
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The outcome of the study appeared at different levels. For example, one of the overall
conclusions was that flexibility of the students’ conceptions in general was prerequisite for
acting with competence in the KOM sense (Niss, 2002). In several concrete cases I concluded
that the use of certain software commands enhanced the flexibility of the students’ mathematical
conceptions. Finally, at the level of analysis I concluded that the conceptual tool flexibility was
useful to throw light on the students’ process of getting used to computer use.
Four small-scale teaching experiments served as cases for the empirical study. The participating
teachers designed teaching sequences on differential equations for the experiments based on
shared written materials in the form of a booklet, prepared by a group of teachers from the
development project (Hjersing, N., Hammershøj, P. and Jørgensen, B. 2004). For the teachers,
the aim of the teaching experiments was to develop good practices of teaching differential
equations from a dynamical systems point of view. The booklet focused on modeling with a
problem solving approach.
Data from the teaching experiments had the form of field notes and film recordings from
classroom observations, students written reports, group interviews with teachers and students,
and teaching materials. I observed fifty lessons spread over the four classes with 22, 12, 10 and 6
lessons during the winter 2003-2004. The lessons were chosen, restricted by practical
circumstances. The four teachers who had voluntarily agreed were very helpful and obliging
supportive. Thanks to them, the students were also helpful and open-minded.
I observed almost all lessons on the subject differential equations, taught by one of the booklet’s
teacher-authors. The goals were: i) to study the authors’ overall intensions with the modelling
approach to the subject, ii) to qualify my reactions on the booklet to the authors and iii) to
inquire the use of laptops in class room teaching. In one other class, my observations focused on
the modelling aspect. In the last two classes, I observed students’ group work on project tasks. It
was my hope that the dialogue and negotiations between the students in the groups would reveal
signs of their learning process at a closer and more personal level, compared to the classroom
observations.
Data were studied during interpretative analysis, taking social and psychological perspectives
into account. The analysis followed the approach, designed by Paul Cobb et al. to meet the
following three criteria (Cobb, Stephan, McClain & Gravemeijer 2001 p 116):
- Enable documentation of the collective mathematical development of the classroom
community over the extended periods of time covered by instructional sequences
- Enable documentation of the developing mathematical reasoning of individual students as
they participate in the practices of the classroom community
- Result in analyses that feed back to inform the improvement of the instructional designs.

4. Episode from a case study
The rest of this paper presents an excerpt from one of the Ph.D. project’s nine cases. The
objective of this part of the research was to inquire into the hypothesis: the construct ‘flexibility’
may capture important elements of learning activities, like they were described in the first parts
of this paper. The excerpt is the larger part of one (the second) of the case’s three episodes. It
intends to illustrate the analyses of data following the three main aims, listed above. My analysis
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of the episode mostly concentrates on the changes between model of perspective and model for
perspective and on the inquiry of the model for perspective as it appears in two groups of
students’ work. Obviously, other perspectives and representations are involved and might have
been chosen as the object of analysis as well. In the thesis, other cases concentrate on other
perspectives and representations11.

4.1. Case 8, chemical reactions
The theme of case 8 was changes between model of perspective and model for perspective. This
case encompassed episodes 8.1 to 8.3. The main aim of the analyses of the case was to inquire
the model for perspective as it appeared in some of the students work. Two groups of students
(group 9 and group 11) in two different schools worked with the same project task. The project
task concerned with exploration of differential equations’ models of the rate of chemical
reactions of order zero, one and two. The episodes in case 8 were based on the project task, the
written reports from the two groups of students, a transcription of film recordings of one of the
group’s (group 9) work with the project task during one lesson, and my field notes from the same
lesson. The project task took the model of chemical reactions as its starting point12. After a few
introductory statements concerning the technical handling of the amounts and concentrations of
the compounds, for example in the case of precipitation of a compound, the model of the reaction
rate was introduced in the task:
Theoretically, the rate of chemical reactions in general is expressed as:
The rate of combination of two or more chemical compounds is proportional to the product of
their concentrations
The relation is expressed like this:

Rate =

dc
= ∓ k[ A]x [ B] y [C ]z
dt
(1.1)

That is, the rate of production/consumption of C is proportional to the concentration of the
reactants ([A], [B], [C]) raised to the power of x, y and z respectively. The degree of the
exponent denotes the order of the reaction.

Fig 2. Excerpt from page 51 in (Hjersing et al. 2004), (author’s translation)
The task’s design intended to encourage the student’s explorations of this model, aiming to see
special cases and recognise them as models of certain reactions of order zero, one and two. The
students in the two groups were taught these topics in chemistry in advance. In their study
program, they all combined high-level chemistry and high-level mathematics. In the textbook the
special cases of the model were deduced from the general expression and then treated
mathematically. In that sense, the project task dealt with changes between model of perspective
with reference to the chemical setting and model for perspective with reference to the more
general model in the mathematical setting. In the following, only episode 8.2 is considered.

11

See the overview over Cases and episodes p. 202-204 in (Andresen 2006)
For an introduction to the rates of chemical reactions and equilibrium see H. F. Holtzclaw, W.R. Robinson and
W.H. Nebergall (1984): General chemistry, D.C. Heath and Company, USA pp 407-449 or P.W. Atkins (1990):
Physical Chemistry. Oxford University Press pp775-810

12

TMME, vol4, no.2, p.242

4.2. Episode 8.2: group 9 answering question 3
When the episode took place, two students from group 9 worked with the chemical reactions
project whereas the third member of the group was absent. At this time the students had passed
the first one and a half page of the task’s text, where the reaction rate was modelled for reactions
of the different orders. The two students worked with page 53 in the booklet:
Irreversible second order reactions

Consider the irreversible reaction A + B → X + Y .
One molecule A and one molecule B combine to one molecule of each of the compounds X and
Y. The rate of consumption of A and B equals the production rate of X and Y.
We have inquired second order reactions in the simple cases, where the initial concentrations
of the reactants were equal. But what happens, if [A] does not equal [B] from the beginning, or
if some X or Y is already produced?
This time, we will model the production of X. The differential equation, mentioned earlier,
now changes into:

dx
= kab
dt

(1.6)
We now want an expression on the right side, which only depends on the immediate [X], and
on some initial values of [A] and [B]. So the goal is to express a and b as functions of x.
The immediate concentration of a equals: The initial concentration of a (a0) minus the ‘new’ x.
The ‘new’ x equals the actual concentration of x minus the initial concentration of x (x0).
Similar to [B], so all in all gives (1.6) the equation:

dx
= k (a0 − ( x − x0 ))(b0 − ( x − x0 ))
dt
(1.7)
dx
= k (a0 + x0 − x)(b0 + x0 − x)
dt
(1.8)
Example
2 mol silver nitrate AgNO3 is mixed with 3 mol hydrochloric acid HCl. White silver chloride
precipitates and the reaction runs completely. In this case there is ½ mol silver chloride when
the reaction starts. The rate constant k is 1.
AgNO3 + HCl → AgCl + HNO3
Based on the text we state the following:
k=1
a0 = 2
b0 = 3
x0 = ½
Then, the differential equation is:

dx
1
1
= 1(2 + − x)(3 + − x)
dt
2
2

(1.9)
Task3
Find the equilibrium points, where the rate equals zero for the differential equation in (1.8)
and explain, what this means in practice

Fig3. Page 53 from the booklet (Hjersing et al. 2004), author’s translation
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In terms of flexibility, (1.1) gives a model for perspective since the level of the equation is
general, whereas the perspective of (1.9) is model of because the level is referential – it refers to
the actual experiment in the task.
Therefore, (1.8) can give both perspectives on the equation, depending on which of the two
others it relates to:
(1.8) in model of perspective with regard to (1.1)
The model (1.8) is a general application of (1.1) to the case of a second order irreversible
reaction with two reactants.
X =x
In (1.8), [ ]
equals the concentration of the product,
[ A] = a = (a0 + x0 − x) equals the concentration of one of the reactants, and
[ B ] = b = (b0 + x0 − x) equals the concentration of the other reactant. a0 is the

initial concentration of the compound a, similar for b and x.

Fig 4. Explanation of (1.8)
So, with regard to (1.1) (1.8) serves as a model at referential level, referring to second order
reactions. The perspective of (1.8), then, is model of whereas the perspective of (1.1) is model
for.
(1.8) in model for perspective with regard to (1.9)
The model (1.9) is an application of (1.8) to the case of the reaction between Ag+ and Cl- where
a stands for the concentration of Ag+ (or AgNO3) and b stands for the concentration of Cl- (or
HCl). x stands for the concentration of AgCl and dx/dt is the formation rate of AgCl. Since (1.9)
is concerning with the actual formation of silver chloride, (1.9) is even more concrete than (1.8).
So, (1.8) is a more general and decontextualised equation than (1.9). Consequently, in this case
(1.8) serves to give the model for perspective and (1.9) serves to give the model of perspective
on the equation.
The example and task 3 (in fig 3.) both aim to make the students change in both directions
between the general mathematical model (1.8.) and the model of the actual reaction (1.9).
Therefore, in terms of flexibility, they encourage to changes between model for and model of
perspective. These changes happened stepwise in the actual case.
In the written report, the answer from group 9 to task 3 (fig 3.) was:
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- Where does the rate for the differential equation equal 0? Where the rate equals zero are
the equilibrium points.
To make the differential equation equal zero, one of the 3 factors in the differential equation
has to equal zero.

It is seen from the graph, that the equilibrium points are 2,5 and 3,5.
This means that the concentrations are unchanged in these points. From a mathematical
point of view, both these points are useful, but in practice only 2,5 is of relevance because
the reaction will stop here.

Fig 5. The students’ answer
Apparently, the students linked the notion of equilibrium points with the roots of the polynomial.
In their text, they interpreted the term equilibrium point in natural language in three (slightly)
different ways, namely as
1) Points of the reaction where the reaction rate equals zero
2) Points of the reaction where the concentration is unchanged
3) A point where the reaction stops
In all three interpretations the equilibrium points were seen in a model of perspective. The
students made a change to formal language when they turned to the equation #35 ( fig 5.) and
simultaneously to graphic representation, which was used in parallel (mixed in between to
analytic expressions) with the formal language.
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The students explicitly interpreted the actual values of the roots as concentrations. This
interpretation revealed that they could handle the changes between equilibrium points in the
model perspective (referential level) to the concentrations in the reality perspective. Later on, the
students changed to a model for perspective on the equilibrium points, where they interpreted the
equilibriums as the roots of the polynomial. They referred to the distinction between referential
level (that is, model of perspective) and general level (that is, model for perspective) with the
remark “From a mathematical point of view” in contrast to practice, which was understood to be
at the referential level, that is, in a model of perspective.
By the students interpretation of the equilibrium point as a point where the reaction stops and
where the rate equals zero, they linked the conception of equilibrium closely to the conception of
rate. From the excerpt of text from the report ( fig 5.), it is uncertain to say whether the students’
chemical conception of equilibrium was a dynamic or a static one. The third point, (3), above
and the following excerpts from the recordings of the students’ work with task 3 may suggest
that the students perceived the conception of chemical equilibrium in a static way even if the
conception of rate was well described in their report’s introduction (mentioned in the previous
episode13). The students tended to confuse the rate and the rate constant:
S2: We look for the equilibrium point. Rate and rate constant is not the same, isn’t it?
S1: The rate…
S1: Let us just…
S2: The rate, is it k or is that simply the rate constant
S1: It is the rate constant
S2: Then I guess we have to isolate k
In this way, then, the students were tempted to completely reduce the complexity of the problem.
The dialogue revealed that they might doubt whether the equations (1.1) (fig 2.) , (1.8) and (1.9)
(both fig 3.) modelled the reaction rate mathematically (general level) as well as chemically
(referential level). According to my interpretation, hence, what confused them was the
combination of mathematical and chemical models. Combining them is the very issue of
changing between model for perspective and model of perspective in this case.
The dialog continued:
S1: No, because the rate is zero
S2: Then we simply have to write it…
S1: I do not understand what we are supposed to do. (reads) “The equilibrium points where the
rate is zero”
S2: Where equal amounts are being produced. Where the amount left is the same as what is
produced, isn’t it?
Here, S2 referred to the chemical conception of dynamical equilibrium. In the next remark, S1
interpreted this involvement of a chemical conception as a change from (mathematical) model
perspective to (chemical) reality perspective, but S2 maintained the model perspective by
referring to theory:
13

Episode 8.1 page 251-252 in (Andresen 2006)
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S1: This is explaining what it means in real world, isn’t it?
S2: But didn’t we learn theory about this in chemistry?
S1: I do not understand what they... when the rate is zero, is it simply the rate constant?
The students called the teacher who referred to page 16-17 in the booklet, where the equilibrium
solutions were considered:
dP
P⎞
⎛
= k ⋅ P ⋅ ⎜1 − ⎟
dt
⎝ N⎠
(…)
The right side of the equation is a polynomial of second degree in P with the roots

P (t ) = 0 , P(t ) = N

It is positive between the roots and negative outside.

Fig 6. Excerpt from (Hjersing et al. 2004, p.16), author’s translation

S1: (reads) the right hand side of the equation is a polynomial of second degree, find the roots,..
T: So what is this?
S1: I am reading... Equilibrium solutions – that is what we are looking for
T: Equilibrium solutions, what is it then?
S2: It was negative and positive second degree
The problem had now been transformed to the simpler one of finding the roots of a polynomial
of second degree. This problem was expressed in graphic representation, natural and formal
language simultaneously. The problem was seen in a model for perspective14 as far as it had to be
solved in a purely technical context with no connection with the chemical model.
When the dialogue continued, the teacher tried to establish the connection between the simpler
problem and the question of equilibrium solutions to the differential equation. In terms of
flexibility, the teacher insisted on keeping the changes between model for perspective and model
of perspective in focus of interest. Shortly after, the episode was concluded with the teacher
having accomplished the guidance of the students. The students went to the computer room for
doing some graphs.

4.3. Conclusion of case 8
The changes between model of and model for perspective were in this case realised as changes
between a mathematically formalised chemical model and a more general mathematical model. It
was understood in the project task’s text that the students knew the formalised chemical models
in advance. So, the students were supposed in advance to manage changes between the chemical
reality, in the form of proceedings of the actual reactions, and the formalised chemical models. In
the episodes, the changes between the two perspectives went in both directions: the report from
group 11 for the major part took the model for perspective (illustrated in episode 8.1), but the
14

This situation illustrates a tool perspective on the solving of quadratic equation
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task’s questions provoked changes to and fro a model of perspective and further interchanges
between model and reality perspective (it was demonstrated in episode 8.3). The report from
group 9 divided into parts that took the model of perspective and other parts that took a model
for perspective. The links between the two perspectives, though, were not always clearly
revealed (it was shown in episode 8.3).
Episode 8.2 demonstrated how the teacher guided the students to change between model of and
model for perspective. The episode pointed to the important role of the guidance from the
teacher, as well as from the task’s questions.
During the complete case, changes between reality and model perspectives and between model
of and model for perspectives were realised on the relation, modelled by the differential
equations (1.1), (1.8) and (1.9). The same relation was expressed in all the four different
representations. According to the definition of flexibility, the individual student’s flexibility of
the conception of this mathematical relation (e.g. the differential equations model), in this
context, was developed to the extent that he or she was able to manage these changes. Working
with the tasks in the case seemed to support this flexibility since the individual student was more
likely to manage the changes after the teaching sequence.

5. Conclusion
To conclude this paper three questions are discussed: what contribution does the construction of
flexibility add to the field, are the promises, criteria and requests from the first part of the paper
kept, and what questions does this paper not answer?

5.1. What is new?
The introduction of a new construct like flexibility with its definition and technical notion to the
field of math education, which may seem almost overloaded with a diversity of notions and
terms already, has to be justified. One important argument is that the introduction of flexibility
summarises, connects and simplifies key elements of well established and acknowledged theory.
The issue of visualisation, for example, is included in flexibility in terms of change to graphic
representation. The relation between the levels in Gravemeijer’s model is another example. The
novel idea beyond the construction of flexibility is to focus on the dynamics as a common
denominator, which leads to consider all these key elements in a new light and in a new
combination.
The case illustrates how flexibility intends to serve as a tool for clarification: The case’s task
presented a rich and complex structure of models at different levels, and links between them. The
task was suitable for the students’ exploration of the relation, modelled by the differential
equations, exactly because it was sufficiently complex to offer possibilities of open ended
inquiries. During the case, one of the students’ main difficulties concerned the changes between
the levels of the model, represented in the three equations. Another main difficulty was the
transformation of the problem to the simpler one of finding the roots of a second degree
polynomial, followed by interpretation of the result. These main difficulties are closely related to
the main learning potentials of the task, so attempts to avoid them by omitting parts of them for
simplification would be of little use. The analysis of the case demonstrates how these main issues
of the task can be interpreted in terms of flexibility. My claim is that the teacher could strengthen
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the guidance of the students and make it more explicit without giving the answers, if he or she
had such an interpretation in mind.
The case also illustrates that the apparent conflict of having the equation (1.8) at two different
levels is cancelled when focus, in terms of flexibility, is on the dynamics of changing between
levels rather than on placing conceptions at the levels.

5.2. Does flexibility keep the promises?
According to the initial goal of the research mentioned in this paper, flexibility should serve as a
tool for teachers to take the project’s experiences into account for improvement of their own
teaching. The case gives an example of flexibility’s potentials for improved guidance, according
to my interpretation. To meet the goal, though, more focused teaching experiments, based on an
elaborated description of the single elements of flexibility would be the next step.
The second request, which concerns the contribution to math education theory, was already
discussed in a previous paragraph. The objectives of the construction set two demands on
flexibility: signs of flexibility should be observable, and claims of its relevance should be
theoretically founded. The construction of flexibility intended to capture important learning
activities which promote the student’s actual work with mathematics in an observable way. The
case demonstrates that the changes of perspective and changes between different representations
are observable. The presentation in this paper of three basic ideas beyond the concept of
flexibility serves to justify15 the claim, that the changes promote the student’s learning.

5.3. What is left?
It follows from the research design that the effect was not tested on teaching designs, which aim
at development of flexibility of the mathematical conceptions in question. A number of
guidelines are presented to conclude the Ph.D. thesis. The guidelines are meant for teachers who
want to aim at flexibility in the design of their teaching. A large scale inquiry of the effect could
include teaching materials and teaching designs based on these guidelines, pre- and after tests
and qualitative evaluation. The guidelines are (Andresen, 2006, pp. 294-295):
Teaching that aims to support flexibility in the mathematical conceptions with and without the
use of CAS should be based on the following principles:
- The design of tasks and problems ensures that changes of perspective go in both
directions in all the pairs of perspectives that form “flexibility”:
1. Local - global
2. General – specific
3. Analytic- constructive
4. Process - object
5. Situated – decontextualised
6. Tool – object
7. Model - reality
8. Model of - model for
- The design of tasks and problems ensures that changes between representations go in
both directions between graphic representation, analytic representation (or formal
language), natural language and technical representation (or computer language)
15

Further justification builds on the discussions all through chapters 5 and 7 in (Andresen, 2006).
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-

-

Expressive work and explorative work with mathematical models are both important. The
teaching is designed to ensure that the students over time are encouraged to model a
number of key conceptions including all the four levels situated, referential, general and
formal.
A diversity of strategies is not only accepted, but appreciated in the classroom. The
students are encouraged to try out ideas and techniques. Results, ideas and strategies are
discussed and negotiated with open minds in the classroom.

The relations between flexibility and the shortcuts mentioned in the first part of this paper, and
the role of flexibility in the instrumental genesis, apparently, are issues in focus of interest for the
continued work with development and refinement of the construct flexibility. It should be
remarked that although the project took the use of laptops as its starting point, flexibility is not
restricted to mathematical conceptions within a computer environment.
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Non-linear functions in secondary school of lower qualification level
(German Hauptschule)
Astrid Beckmann1
University of Education, Schwäbisch Gmünd, Germany

Abstract
This article reports of the effectiveness of introducing non-linear functions in a German Hauptschule. Some
research based recommendations are provided for practitioners with the goal of improving student competencies in
lieu of PISA..

Keywords: classroom experiments; non-linear functions; non-linear relations; student
competencies; PISA competencies; German Hauptschule

1. The Situation in the German Hauptschule (secondary school of lower
qualification level)
The results of international comparison studies like PISA recommended that German educators
increased their focus on the mathematical competencies of students in secondary schools of
lower qualification level (Hauptschule). According to the results of PISA 2003 not even one-fifth
of the students achieved level 1 of competence. Tasks at level 1 “demand to gather information
from a simple table given in standard form or from a simple graph and to execute simple
calculations which refer to relations between two familiar variables” (PISA, 2004, p 56). A
further striking break is to be seen in the field of level 3 to 4. While almost a quarter of junior
high school students (German Realschule) are at level 4, this does not even apply to 5 % of the
students of the Hauptschule - apart from higher levels which are hardly reached by one. Tasks of
level 4 require additionally “to argue also in less familiar functional contexts and to
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communicate these arguments as well as to deal with given linear models of real situations”
(PISA, 2004, p 56). Figure 1 shows a linear task, (not necessarily) a familiar real situation.
The picture shows the movement of a car.
In which traffic situation is the car?
velocity

time

Figure 1
A characteristic answer from our own random sampling at the Hauptschule is the following:
“The car is always driving straight on”. This answer is in accordance with the observations from
PISA and further studies according to which pupils interpret rather the optical picture than the
functional interrelation (compare known racecourse task in PISA). Since at the same time they
describe the graph in figure 2 as follows: “The car is rolling downhill.”
velocity

time

Figure 2
The question is how can Hauptschule students be supported in their learning in order to reach
level 4 easier and be more successful?

2. About the importance of non-linear functions
Thesis:
For the achievement of level 4 the acquaintance with non-linear functions is beneficial.
A good reason for this thesis is that so far in the Hauptschule only linear functions are treated
and take up a big space of time in the curriculum in comparison to other function types. These
students experience functional contexts as mainly linear. This may lead to a restricted view and
functional thinking becomes dispensable. For example the overemphasis of linear functions may
lead to the perception that any functional coherence can be described by a straight line.
Experiences from school projects show that students often think accordingly. If you ask them to
demonstrate the relation between air volume and pressure graphically they mark a straight line
with positive gradient even though the relation is inversely proportional. Furthermore the
presumption can be supported that even two points are enough to specify the graph of a function.
This has also been noticed in school projects when cubic relations have been rashly interpreted
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as straight lines. Examples like these show that working with different types of functions
requires more flexible thinking. It is not clear from the beginning how the graph is running,
which output belongs to a certain x etc. Non-linear functions require thinking in changes and
connections and lead to aspects of covariation (DeMorois & Tall 1996; Malle, 2000).
However non-linear functions can be complex and have typically been described algebraically.
For example, intensity of lighting diminishes quadratically with the distance from light source. In
the Hauptschule the functional term should not simply be the objective but the functional
correlations with their dependencies, changes etc should be emphasized. However there is a
certain difficulty included which is related to the graphical description. A better access to the
functional connection can be produced by equalizing curves plotted instead of points connecting
lines. According to our experience it has to be reflected before and during class in order to
approach this result.

3 .The School Project
In November 2006 a first testing of the treatment of non-linear functions took place in a
Hauptschule in Baden-Württemberg (Ostalbkreis, Germany). In different stations 9th grade
students learned about non-linear functional relations in experimental activities. The students had
already been used to experiments. At the end of 8th grade there had already been a course about
linear functions only. Experiments had been chosen because of prior experiences in this area
conducted in different school types with positive results from such experiments in connection
with functions (Beckmann 2006, 2007). In the performance of these experiments the aspects of
the contents of function like correspondence and covariation can be experienced by action. For
example, in dipping a ball with a certain radius into a jug filled with water a certain water
volume is edged out. The experience is made that any radius corresponds to a certain volume.
With a running car the concurrent change of line and time, i.e. covariation, can be witnessed
directly etc. (see Dubinsky& Harel, 1992; Vollrath 1978). In the school project the experiments
were conducted together with worksheets. Worksheets proved to be very helpful in order to
activate certain trains of thoughts, which could be deepened in the final presentation. Main
aspects are summarized in table 1.
Aspects
Everyday
activities
Forming the
Thesis
General Task
Operation of the
Experiment
Correspondence

Example
Pumping a closed bicycle pump and then discuss on it

Describe the correlation between air volume and air pressure.
Check: does the correlation confirm your answer to the above question?
Describe the special characteristics of the correlation.
Get familiar with the parts of the experiment and the components of the
measuring possibilities.
Adjust a certain value for the air volume and record the value in the box.
Read the corresponding pressure. Record …
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Change between Act in a systematic manner and measure.
different forms of Record in the table….
presentation
Characteristics of the table…
Enter the values from the table in the system of co-ordinates. Regard the
graph. Describe it.
Correspondence

Which pressure corresponds to a volume of 5 units?

Covariation

Highlight in the graph by a thick line only the change from 5 to 10 (from
15 to 20) volume units at the x-axis and only the corresponding change at
the y-axis. Compare the particular changes…

Closure

Document the results of this station clearly and neatly on the prepared
poster. Remind the general task.

Table 1 Structure of a worksheet
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In the school project the following experiments were chosen out of a big collection (Beckmann
2006)2:
o Functional relation between air
pressure and air volume
o Relation between intensity of light and
distance of the light source
o Relation between radius and volume
of cylinders of the same height
o Relation between height and time of a
falling ball
o Relation between distance and time of
an accelerated car
Figure 3
o Relation between force and lever of
Experimenting Students of the Hauptschule
force
Implementing these experiments needed two double-lessons, in which the students experienced
two or three relations. The division into student groups was decided by the teacher. Before
starting the experiments a short introduction including questions of graphical description was
given.

4. Observations and results
The lessons were video and audio taped, the worksheets were evaluated and single episodes were
recorded. The evaluation shows that the experimental activities in non-linear contexts leaded to
some aspects according functional thinking. The difference to the (expected) simple proportional
relation and the missing possibility of predicting more values led to discussions. The students
experienced and applied the idea of covariation. They recognized that only two values do not
lead to an indisputable statement about the function.
Reflection about the table; extracts from worksheets:
“The lower the distance [height of fall], the shorter the needed time [of the falling ball].”
“The distance does not double.” [comparing the distances of the accelerated car between
1 and 3 s with the distances between 2 and 4 s time of going].
Forming a thesis using the aspect of covariation:
S1: Now we hang it at the end.
S1 measures 25.5 cm
S2 measures: 0.6 N. Actual this has to be at 36 cm.
S3: It should be one less the more you hang it at the back.
S2: Now it is 18.
S1 measures: It is 1.3 N.
S3: The next should be 0.1 N more.
S1: At 13 cm it is 2.1 N.
Checking the thesis and gaining in through experiments; extract from a taking down:
2

As agreed with the mathematics teacher Mr. Arthur Litz, Sebastian-von-Drey-Schule in Ellwangen-Röhlingen
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The students discuss the relation between the intensity of light and the distance from the
light source. In a first measurement they have obtained two values.
S1: Normally it is not proportional
S2: Eh, than let´s do it; then we will know.
S1 draws a system of co-ordinates. Together the students discuss the division of the axis
and plot it. Finally the measurement is filled in.
S2: That is not proportional.
S1: Sure?
S3: Except that the line runs like this.
S2: That is not proportional, as I said before.
The students take more tubes and take many measurements, before they bear out their
assumption.

Figure 4
Measuring the intensity of light at a tube
The following final report of a student shows that he tackled with correspondence and
covariation:
“The second project - we called ´light and tunnel´. The more the car drives into the
tunnel, the more it becomes dark. The first tube had a length of 9.7 cm. When we held it
at the window the intensity of light was very good 36 lux. When we held a tube with 30
cm length at the window, we could only measure 0.1 lux. In an extra drawn graph we
could read exactly, how much intensity there is in the beginning of the tunnel and in how
far it decreases.”

5. Summary and Perspectives
Starting point is the thesis that working with non-linear functions supports flexible functional
thinking, thinking in correspondences, dependencies and changes. This kind of thinking is seen
to be a condition for competencies on level 4, which only few students of the Hauptschule reach.
An access to non-linear functions is given by simple experiments. While doing experiments the
students can experience the aspects of functional relations.
In this school project 9th grade students of a secondary school of lower qualification level
(German Hauptschule) were confronted with non-linear relations in experiments. Obviously the
non-linear functions led to discussions about dependencies and the course of the graph. Possibly
the experiences of the first run of the project played a role, in which the students learned linear
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relations only. Summing up the worksheets with detailed questions and the final classroom
presentations with critical discussions were an important basis for a fruitful tackle with
functional relations. A certain difficulty was the inclination of students to draw a straight line
instead of equalizing curves. This could be cleared up in appropriate follow up discussions.
This single school project cannot lead to a conclusive answer to the question to what extent the
non-linear experiments led to success regarding competence level 4. But the results show that
non-linear functions are an appropriate theme for 9th grade students in a secondary school of
lower qualification level. It gives great hope.
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Looking back at the beginning: Critical thinking in solving
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Abstract
We believe that problem-solving skills engage critical thinking at every phase of problem solution. In this research a
special attention is given to the fist phase - "understanding the problem". We consider this phase as a continuation
of all the previous mathematical experience, in which understanding of new problems requires "looking back" at
those solved in the past. Evaluation of the givens in the problem sometimes allows immediate solution whereas in
other cases it shows that solution does not exist. We found that it is not easy for mathematics teachers to discover
that a problem includes contradictory (i.e. unrealistic) conditions. We suggest that such problems should be
included into teachers' professional development programs to develop teachers' awareness of the importance of
mathematical accuracy and connectedness.

Keywords: Algebraic and geometric tasks; Critical thinking; Problem solving; Polya style
heuristics; Teachers professional development

1. The background
1.1. On the importance of unrealistic tasks
In his extensive study on students' mathematical abilities Krutetskii (1976) included
unrealistic problems, i.e., those that include contradictory givens, as one of the types of problems
that allow examination of understanding of mathematical material learned by a student, "which
shows up in its processing and retention". An example of such a problem is the following:
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Task 1: What is the area of an isosceles right triangle with leg equal to 5a cm
and hypotenuse to 12a cm? (ibid. p. 133)
It is clear that such a triangle does not exist. The given measures of the sides of the triangle
and its type (isosceles right triangle) are contradictory. Krutetskii assumed that solvers who solve
those problems out of specific context would not be able to realize the unrealistic character of the
situation described by the problem.
Our interest in teachers' solving unrealistic problems is based on our belief that identification
of unrealistic problems is an integral part of teachers' mathematical knowledge: Understanding
of the unrealistic conditions of a problem demonstrates connectedness and consistency of ones
mathematical knowledge while identification of inconsistent data when solving a problem
demonstrates person's critical thinking. From the pedagogical point of view the ability to identify
unrealistic situations may prevent generation of ill-defined examples in the course of
mathematics lessons as well as strengthen teachers' critical view of textbooks and other
instruction materials.
This research was motivated by our observation that shows that pre-service teachers usually
do not identify unrealistic conditions of a problem. It is supported by the analysis of teachers'
performance on sorting conditional statements task (Zaslavsky and Leikin, 2004). Zaslavsky &
Leikin demonstrated that teachers usually relied on external features of the equations and
inequalities (e.g., types of functions, types of conditional statement), and they seldom considered
the internal features – the domain and the range of the functions. For example, equation
log(4 − x) − log( x − 6) = 1 (task 2) does not have a solution (the solution is an empty set) since
domains of the two functions are disjoint sets. Thus, there is no need to perform algebraic
manipulations in order to find a solution; the result is immediate. Similarly no manipulative
solution is needed for the inequality x 2 + px + 1 < 0 (task 3): it does not have a solution since
radical denotes "arithmetic square root" which is non-negative for any non-negative value of the
function under the radical. To solve these tasks shortly, one has not only to think about
algorithms of solutions of these problems but also to see the whole context, to connect all the
pieces of knowledge related to the task.

There is a similarity in approaching the tasks used by Zaslavsky and Leikin (2004) and
unrealistic tasks offered by Krutetskii (1976). Subjects with procedural understanding (Skemp,
1976) of the topic will approach the tasks algorithmically by applying formulas (e.g., task 1 –
formula of the area of right triangle) and manipulations (e.g., for task 2 and task 3). Those with
relational understanding will consider connections between the given mathematical objects, their
properties and components and will conclude that solution does not exist.
1.2. On the cyclic nature of reflection on a solution and understanding a problem

Polya (1973) highlighted four main phases of problem-solving process: understanding the
problem, devising a plan, carrying out the plan and looking back at the completed solution. He
recommended checking the results and checking the argument in order to make sure that it is
correct.
By looking back at the completed solution, by reconsidering and reexamining the
results and the path that led to it, they [students] could consolidate their knowledge
and develop their ability to solve problems. (Polya, 1973, pp. 14-15)
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We argue that in the case of unrealistic problems "looking back" should start at the planning
stage of the solution. On the one hand careful analysis of the givens in the problem may outline a
solution plan, on the other hand, it may reveal discrepancy of the givens and immediately show
that the problem does not have a solution. As noted above we believe that critical thinking is one
of the basic cognitive skills supporting and encouraging solution checking.
1.3. On critical thinking in mathematical problem solving

NCTM Curriculum and Evaluation Standards (1989) pointed out that "A climate should be
established in the classroom that places critical thinking at the heart of instruction ... To give
students access to mathematics as a powerful way of making sense of the world, it is essential
that an emphasis on reasoning pervades all mathematical activity." (ibid. p. 25). Erroneously
unrealistic problems may be seen as those that prepare students to real life through developing
their critical thinking. The ability to think critically is essential if individuals are to live, work,
and function effectively in our changing society.
Critical thinking includes the use of cognitive skills or strategies directed at desirable
outcomes of human activities of different kinds: solving problems, formulating inferences,
calculating likelihoods, and making decisions. It also includes using skills that are effective for
the particular context and type of thinking task (Halpern, 1998).
Critical thinking is a mental process of analyzing or evaluating information,
particularly statements or propositions that are offered as true. It is a process of
reflecting upon the meaning of statements, examining the offered evidence and
reasoning, and forming judgments about the facts. Such information may be
gathered from observation, experience, reasoning, or communication. Critical
thinking has its basis in intellectual values that go beyond subject matter divisions
and include: clarity, accuracy, precision, evidence, thoroughness and fairness
(Wikipedia, 2005).
Ferrett (2002) included among other attributes of critical thinking the following: assessment
of statements and arguments, admitting a lack of information, ability to clearly define a set of
criteria for analyzing ideas, examining problems closely, being able to reject information that is
incorrect or irrelevant. Critical thinking involves evaluation of the thinking process - the
reasoning that went into the conclusion we arrived at.

2. The Investigation
2.1. The purpose

This investigation was aimed at exploring teachers' mathematical performance on unrealistic
problems, critical reasoning associated with unrealistic tasks. In particular we examined whether
teachers understand the contradictory nature of conditions given in the problem. We also
analyzed teachers' views on such kind of tasks.
2.2. Population

We assumed that ET’s may succeed better in unrealistic tasks both because of their teaching
experience and of their educational background. Thus the population of our study included three
groups of mathematics teachers as follows: Seventeen pre-service mathematics teachers (PT) and
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48 experienced high school teachers (ET) from two groups participated in our study. PT’s had
BA in mathematics and were learning for teaching certificate. ETs' experience varied from 5
years to 28 years. Most of the ET’s had MA in mathematics or mathematics education. These
teachers participated in the study in two groups: ET1 included 27 teachers and ET2 included 21
teachers.
2.3. The instrument

The teacher were asked to complete a written questionaire. We assumed that conditional
formulation of the tasks might evoke teachers' critical thinking. Thus the tasks were formulated
in two versions. In one (non-conditional) version we asked the teachers to "solve problems". In
other (conditional) version we asked the teachers to "solve problems if possible". PT’s and ET’s
from one group (ET1) were presented with a non-conditional questionnaire while ET’s from
group ET2 were presented with a conditional questionnaire.
Our questionnaire included algebraic and geometric problems. Figure 2 shows the tasks
presented to the subjects. It also describes correct, alternative and incorrect solutions to the tasks.
Algebraic task required from the teachers "to find sum of the squares of the real roots of the
equations without calculating the roots" (A1: "find"; A2 "find if possible"). The teachers were
given two equations that did not have real roots. As an integral part of the solution the teachers
had to check whether the roots exist. There was no need to perform algebraic manipulations
since the equation does not have real roots.

Task Ab had an additional control level: When missing the contradiction in the question at the
beginning of the solution, one could find that the sum of the squares of the two numbers is
3
4

negative ( α 2 + β 2 = − a 2 − 1  and claim that the question does not have answer on the set of real
numbers. Alternatively teachers could state that they found sum of the squares of complex roots
of the equation.
Geometry task required form the teachers finding area of a right triangle according to its
hypotenuse and altitude to the hypotenuse (G1: "find"; G2 "find if possible"). In these two tasks
the length of the altitude was bigger than half of the side, thus these measures were inconsistent
with the following property of a right triangle: altitude of a right triangle is not bigger than half
of the side (see Figure 2). The solution was very simple both when noticing the contradiction and
when missing it. Note that all the teachers in the sample group were familiar with the property.

After performing the written assignment teachers checked and corrected their works. They did
it in a different color so we could keep track of their initial solutions. Each session was
concluded with a whole-group discussion. The discussion in group PT1 was video-recorded and
transcribed, discussions with ET’s were recorded in writing.
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The task

Correct (contentconnected) solution

Incorrect (algorithmic)
solution

Alternative solution

A1*: Without calculating roots of the equations ( α and β ) find* sum of the squares of the real roots
( α 2 + β 2 ), for each one of the following equations:

Aa.

No solution:

α 2 + β 2 = (α + β )2 − 2α ⋅ β =

x 2 − 5x + 7 = 0

∆ = 25 − 28 < 0

= (−5) − 2 ⋅ 7 = 11

⇒ no real α and

2

β.

∆ < 0 ⇒ α and β are
complex numbers

α 2 + β 2 = ( −5) 2 − 2 ⋅ 7 =
= 11

2 x − ax + a + 1 = 0
2

α 2 + β 2 = (α + β )2 − 2α ⋅ β = α 2 + β 2 = − 3 a 2 − 1
∆ = a − 8a − 8 < 0
2
4
2

No solution:

Ab.
2

2

2

⇒ no real α and

β

a +1
3
⎛a⎞
=⎜ ⎟ − 2⋅
= − a2 −1
α 2 + β 2 < 0 : impossible
2
4
⎝2⎠
for real

α and β ⇒

1) no solution
2) α and
numbers

β

are complex

G1*: Find*area of the right angle triangles in each one of the following cases:
Ga. Hypotenuse is 11 + 1
cm, the altitude to the
hypotenuse is
11 − 1 cm.

Gb. Hypotenuse
is 2a − 1 cm,

S=

No solution:
Altitude to the
hypotenuse in right
triangle is not longer
than half of the
hypotenuse

S=

S=

ch
2

( 11 + 1)( 11 − 1) = 5
2

ch a ⋅ (2a − 1)
=
2
2

the altitude to the
hypotenuse is a cm.
* Questionnaires A1 and G1 included non-conditional requirement "find".
Questionnaires A2 and G2 included conditional requirement "find if possible"

The condition that the
triangle is right angled is
surplus
If not right triangle: S = 5
If not right triangle:
a ⋅ (2a − 1)
S=
2

Figure 1: The tasks in the questionnaires

3. Solving the tasks
For both versions of the tasks majority of the teachers produced algorithmic (wrong)
solutions. Only one ET identified contradiction in the geometric task. All other teachers in both
versions of Task G calculated area of the triangles using formula. Teachers succeeded better to
some extent in solving the algebraic tasks (see Table 1).
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Altitude to the hypotenuse in right triangle
is not longer than half of the hypotenuse

Figure 2: Task G - explanation
On the non-conditional task, 4 of 17 PT’s and 2 of 29 ET’s examined delta both in tasks Aa
and Ab and concluded that the tasks do does not have a solution. In task Ab, which included
additional control level, 2 PT’s and 6 ET’s decided that the task cannot be solved since a sum of
the squares of real numbers cannot be negative. When solving the conditional tasks 5 of 21
teachers examined delta at the beginning of the solution and did not perform algebraic
manipulations.
Group of teachers
Task
Nonconditional
Aa
Conditional

Ab

Nonconditional

PT (N=17)

ET1(N=29)

4(∆<0)
23.5%

2(∆<0)
7%

ET2 (N=21)

5(∆<0)
28%
4(∆<0)&2( α 2 + β 2 <0)

2(∆<0)&6( α 2 + β 2 <0)

35%

27%

Conditional

5(∆<0)
28%

Table 1: Teachers performance on Algebraic Tasks
As we expected, conditional task Aa was somewhat easier for the teachers than nonconditional one (Task Aa: 7% of teachers in group ET1 vs. 28% in ET2, Table 1). This tendency
was also clear in task Ab at the planning phase of solution (Task Ab: 7% [2(∆<0)] ET1 vs. 28%
[5(∆<0)] of ET2, Table 1). Then again additional control tool [ α 2 + β 2 < 0 ] helped 6 ET’s realize
there was no solution for non-conditional Task Aa. Surprisingly, the conditional task, negative
value of α 2 + β 2 , did not help teachers who failed to realize that the equation did not have real
roots at the beginning of the solution (by checking value of ∆). We assumed that conditional
formulation of the problem could evoke critical reasoning to the same extent as the second level
of control in Task Ab.
Opposite to expectations ET’s did not appear to be more successful in performing the tasks
then pre-service mathematics teachers. As a result of the experiment and subsequent group
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discussions we have come to the conclusion that the fact that PT’s are not less successful in
solving this kind of tasks has a reasonable explanation that we outline in the next section of this
paper.

4. Discussion of Tasks and Solutions
In the course of the whole group discussions all the teachers who had not realized
contradictions in the problems conditions were upset. Some of them were annoyed by the fact
that they had missed the inconsistencies, and some were even angry with us for presenting “such
unfair tasks". However, majority of the teachers reported that they had enjoyed the experience. In
each group there was a disagreement on the “unfairness” of the problems. Only a small number
of teachers thought their experience was bad whereas most of them claimed that it was very
positive.
There was clear distinction in the teachers' attitude to Task A and Task B. The teachers agreed
that Task A was reasonable and "reminded them about the necessity of mathematical accuracy"
since "any solution related to quadratic equation should start with examination of delta". One of
the teachers said:
How could I miss this? Finding delta when solving the tasks related to the quadratic
equation is a part of the algorithm. It is a regular procedure. I always tell my students:
"First check whether the equation has real roots, then find the roots, or do whatever the
task requires". I just did not think [about delta]. How can you talk about something when
you do not know whether it exists.
We agree with the teachers that Task A in our study was less provocative and more regular
than Task G. Based on the teachers' reactions in the discussion, we think that performance on
algebraic task reflects mathematical culture of their classrooms where under the pressure of time
teachers sometimes do not require from their students precise and accurate mathematical
performance, where algebraic manipulation and procedures are in the heart of the instructional
processes. Similarly to Task 1 ( log(4 − x) − log( x − 6) = 1 ) accuracy as characteristic of critical
reasoning and relational perspective, allows to shorten the procedure, even not perform it at all.
Note that slightly better performance of PT’s than of ET’s on Task A1 we address to the
classroom routines in which ET’s are involved every day while PT’s are still learning and more
challenged by the courses in which they participate.
Task G presented to the teachers was found more "tricky". At the beginning of the discussion,
the teachers felt they had never met such kind of tasks before. Though after discussing the task
they made an analogy between Task B and other "tasks from the textbooks that include
mistakes". Contrary to Task A, which teachers saw as "pretty regular for mathematics classes"
and for which wrong solutions they considered "just the result of a mistake", Task G was
considered by them inapplicable for the classroom situation. They saw this task as mistaken and
claimed that teachers' duty is to avoid such tasks in classroom activities. In teachers' opinion,
using textbooks is and should be "safe" and "the authors have to check many times the problems
and the solutions that they include in the textbooks". The teachers were certain that problems of
this kind confuse pupils. On the other hand, they agreed the task is good for teachers as it
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requires thinking about mathematical connections, i.e., "other theorems related to the task, not
only those you need for the solution of a specific problem".
During the discussion with PT’s the distinction between solving proof tasks from the books
and exploring conjectures raised in the course of an inquiry-based lesson was mentioned.
Conjectures and hypotheses may be unrealistic and the inquiry procedure has to verify their
realistic nature. Refuting a conjecture at the proof stage of inquiry is a natural procedure whereas
when meeting a proof or computational task teachers presume that those who ask to prove or find
something have already checked that this task is realistic.

5. Concluding remark
We finish this experiment with many open questions. Some of them are raised from our
communications with the teachers and their replies while others raised from the mathematical
analysis of the tasks we performed in the course of the study. Among other questions we ask:
How can we formulate the tasks so that teachers' critical thinking will be evoked? We find Task
1 more transparent than Task G. How different will be teachers' solutions of Task 1 and Task G?
How different or similar will be teachers reasoning associated with unrealistic problems and
problems with consistent surplus conditions (See, for example, Krutetskii (1976)?
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